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Abstract 

An analytic collective model in which the relative presence of the quadrupole and 
octupole deformations is determined by a parameter (φο), while axial symmetry 
is obeyed, is developed. The model [to be called the analytic quadrupole octupole 
axially symmetric model (AQOA)] involves an infinite well potential, provides pre
dictions for energy and Β (EL) ratios which depend only on φο, draws the border 
between the regions of octupole deformation and octupole vibrations in an essen
tially parameter-independent way, and describes well 2 2 6 Th and 2 2 6Ra, for which 
experimental energy data are shown to suggest that they lie close to this border. 
The similarity of the AQOA results with φο = 45° for ground state band spectra 
and B(E2) transition rates to the predictions of the X(5) model is pointed out. 

1 Introduction 

The critical point symmetries E(5) [1] and X(5) [2] developed up to now treat 
the quadrupole degree of freedom alone. In the present work an Analytic 
Quadrupole Octupole Axially symmetric (AQOA) model is developed, aiming 
at the description of the transition from octupole deformation [3] to octupole 
vibrations in the light actinides. 

In Section 2 the AQOA model is formulated, while numerical results are com
pared to experiment in Section 3, and Section 4 contains discussion of the 
present results and plans for further work. 
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2 The AQOA model 

We consider a nucleus in which quadrupole deformation (ß2) and octupole 
deformation (/33) coexist. We take only axially symmetric deformations into 
account, which implies that the 7 degrees of freedom are ignored, as in the 
Davydov-Chaban approach [4]. The body-fixed axes x', y', z' are taken along 
the principal axes of inertia of the (axially symmetric) nucleus, while their 
orientation relative to the laboratory-fixed axes x, y, ζ is described by the 
Euler angles θ — {θι,θ2,θ3}. The Hamiltonian reads [5,6] 

h2 1 d d h2L2 

H = ~S,3 W>MWßW, + 6(B20i + 2ΒΦΪ) + m ' A ) (1) 

where B2, B3 are the mass parameters. 

We seek solutions of the Schrödinger equation of the form [5] 

Φ έ ( Α , / Μ ) = (ß2ßs)-3/2^i(ß2,ß3)\LMQ,±), (2) 

where the function |LM0, ±) describes the rotation of an axially symmetric 
nucleus with angular momentum projection M onto the laboratory-fixed z-
axis and projection Κ = 0 onto the body-fixed z'-axis. The moment of inertia 
with respect to the symmetry axis z' is zero, implying that levels with Κ φ 
0 lie infinitely high in energy [5]. Therefore in this model we are restricted 
to states with Κ = 0 only. The function \LM0, +) transforms according to 
the irreducible representation (irrep) A of the group D2, while the function 
\LM0, —) transforms according to the irrep Bi of the same group [5,6]. The 
general form of these functions is [7] 

iLMK ±} = ^ i e J a + L ) ( ^ M ( g ) ± {-ι)1°-™{θ))· (3) 

In the special case of Κ = 0 it is clear that |LM0, +) 7̂  0 for L = 0, 2, 
4, . . . , while \LM0,-) φ 0 for L = 1, 3, 5, . . . T h e functions ^t(ß2,ß3) 
and ^2(ß2iß3) a r e respectively symmetric and antisymmetric with respect to 
reflection in the plane x'yf, and therefore describe states with positive and 
negative parity respectively [6]. 

Using the solutions of Eq. (2) for the Hamiltonian of Eq. (1), introducing 
[5,6] fa = foyfëJB, h = ßsy/Bs/B, Β = Β2 + Β3/2, reduced energies e = 

(2B/h2)E and reduced potentials u = (2B/h2)V [1,2], polar coordinates (with 

0 < β < co and - π / 2 < φ < π/2) [5,6] β2 = βοοβφ, β3 = βέαιφ, β = 
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\ßi + ßf> and assuming the potential to be of the form η(β,φ) = u{ß) + 
u(0±), where u{4^) is supposed to be of the form of two very steep harmonic 
oscillators centered at the values ±0o, i.e. 

ufr) \<ΦΤΦθ? = \θ{Φ*)\ φ =φψφ0, (4) 

with c being a large constant, the Schrödinger equation corresponding to the 
Hamiltonian of Eq. (1) is separated into 

d2 _ 1 d_ , J_ / L(L + 1) _ 3 
dß2 ~ß dß + β2 \S(1 + sin2 φ0)

 + sin2 2φ0 

= 0, 

+ u{ß)-e-ß{L) ΦΪΦ) 

(5) 

and 

1 d2 

(β2)3{φ±γ 
+ uffi) - 6φ χ(4ϊ) = ο, (6) 

where φ£(/3, φ) = ψί{β){χ(φ+) ± χ(<?~))/>/2, while (β2) is the average of β2 

over φ±(β), and e^ = e^(L) + e .̂ Eq. (6) for the potential of Eq. (4) becomes a 
simple harmonic oscillator equation {ηψ being the relevant quantum number), 
while in the case in which u(ß) is an infinite well potential (u(ß) — 0 if 
β < ßw'i u(ß) = oo if β > ßw), using the definitions es = Η, ζ = ßkß, Eq. 
(5) is brought into the form of a Bessel equation 

g j g | ld-φί | 

dz2 ζ dz 
Φί = 0, ν 

L(L + 1) 
+ \ 3(1 + sin2 0ο) sin2 2φ0 

(?) 

Then the boundary condition ψ„(β\ν) = 0 determines the spectrum 

eß,s,v = e/3,s,<£o,L ~ \ra,v) > &8,ν — Xs,i//PW, (8) 

and the eigenfunctions 

ΨΪΜ = Φί,ΦοΑβ) = c*,»UK»ß), (9) 

where xsv is the sth zero of the Bessel function Jv{z), while cSi„ are normal
ization constants, determined from the condition f£w \^>fu(ß)\2ßdß — 1 to be 
cs,u — y/2/Ju+\(kSiU). The notation has been kept similar to Ref. [2]. 
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The total energy in the present model is then 

E(s, L, 0o, ηφ) = E0 + Ae-ßsML + Βηφ. (10) 

In the axial case used here the electric multipole operators are [5] 

Tfl) = t i Ä Ä D f i l W . if* = t&riQtß), if3> = hfhD%yy (11) 

B(EL)s are calculated using the standard techniques, the final result being 

B(EL; Li -> L/) - cic^c^^LiLLflOOO)2^)2, (12) 

where L = 1-3, the integrals are J~ — A — / ß 2 JVi{kSiiViß)Ji/f{k8hVfß)dß, 

while in / i an extra factor of β appears, and all constants have been ab

sorbed in c. 

0 4 8 12 16 20 0 4 8 12 16 20 

angular momentum L angular momentum L 

Fig. 1. (a) Experimental energy ratios R(L) = E(L)/E(2+) for 2 2 0 Th [8], 2 2 2 Th [9], 
2 2 4 Th [10], 2 2 6 Th [11], 2 2 8 Th [12], 2 3 0 Th [13], 2 3 2 Th [13,14], and 2 3 4 Th [13], compared 
to theoretical predictions for φ = 45° and φ — 60° (b) Same for 2 1 8 Ra [15,16], 
2 2 0 Ra [8], 2 2 2 Ra [13,17], 2 2 4 Ra [13,17], 2 2 6 Ra [13,17], and 2 2 8 Ra [13], compared to 
theoretical predictions for φ = 45° and φ = 56°. 

3 Numerical results and comparison to experiment 

Spectra for the ground state band and the negative parity band associated 
with it (s = 1), as well as for the first excited band (s = 2) and the second 
excited band (s = 3), are quite stable in the region 30° < φο < 60°, while at 
the limiting cases near φο = 0° and 90° the rigid rotor results are obtained, 
corresponding to a pure rotational spectrum for the ground state band and 
the associated negative parity band, while the excited bands are pushed to 
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infinity. B(EL) transition rates also possess a smooth behaviour within the 
same region. 

Comparing AQOA to X(5), it is clear that the ground state band of X(5) lies 
a little lower and has slightly higher intraband B(E2)s than the ground state 
band of the AQOA model with φο = 45° , while for the s — 2 and s = 3 bands 
the AQOA model predictions for φ0 = 45° are larger than the X(5) values 
by almost a factor of two. The position of the 0^ state becomes therefore an 
important factor in the process of comparison to experiment. 

Experimental data for the ground state and related negative parity bands of 
2 2 0 - 2 3 4 T h are shown in Fig. 1(a). It is clear that 2 2 6 T h lies on the border 
between two different regions. Below 2 2 6 T h the odd-even staggering is very 
small, while from 2 2 8 T h up the odd-even staggering is becoming much larger, 
increasing with the neutron number N. It is clear that below 2 2 6 T h the sit
uation corresponds to octupole deformation, in which the ground state band 
and the negative parity band merge into a single band, while above 2 2 6 T h the 
picture is corresponding to octupole vibrations, i.e. the negative parity band 
is a rotational band built on an octupole bandhead, thus lying systematically 
higher than the ground state band. Theoretical predictions for φ = 45° lie a 
little below 2 2 6 Th, while the φ = 60° results follow the 2 2 6 T h data very closely. 
A similar picture is observed in 2 1 8 _ 2 2 8 R a , shown in Fig. 1(b), where 2 2 6 Ra 
appears to be the border nucleus. 

As far as the 0^ bandhead is concerned, the experimental values (normalized 
to the 2f state) are 12.186 for 2 2 6 Ra and 11.152 for 2 2 6 Th, in good agreement 
with the 11.226 and 12.410 values predicted by the AQOA model for the φ0 

values of 56° and 60° used in Fig. 1 . It should be noticed that the normal
ized O2" bandhead is lying close to this height for all Ra and Th isotopes for 
which data exist, namely 2 2 2 Ra (8.225), 2 2 4 R a (10.861), 2 2 8 R a (11.300), 2 2 8 T h 
(14.402), 2 3 0 T h (11.934), 2 3 2 T h (14.794), 2 3 4 T h (16.347), with data taken from 
the references used in Fig. 1 . 

Considering the AQOA model as an extension of the X(5) framework involving 
negative parity states implies that the search for X(5)-like nuclei in the light 
actinides, where the presence of low-lying negative parity bands is important, 
should be focused on nuclei with R(4) ratio close to 3.0 and Oj bandhead 
higher than the X(5) value of 5.65 . 

4 Discussion 

The analytic quadrupole octupole axially symmetric (AQOA) model intro
duced in this work describes well the border between octupole deformation 
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and octupole vibrations in the light actinides, which corresponds to 2 2 6 T h and 
2 2 6 R a in t h e T h and R a isotopie chains respectively. T h e inclusion of stagger

ing in t h e present model, as well as its application t o t h e rare ear th region 

near Λ = 150, where octupole deformation is known t o occur [3], are also of 

interest and will be pursued in Ref. [18]. 
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