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Abstract

In this work a collective Hamiltonian based on relativistic energy density functional calculations has been
used to study the basic spectroscopic properties of Er and Yb isotopes with 82 < N < 114. Starting from a
series of shape constrained calculations, we build a Bohr-type Hamiltonian the diagonalisation of which
gives the collective excitations and transition probabilities. We are thus able to follow the transition of
shapes, which is established through projected energy surfaces and specific spectroscopic quantities such
as energy ratios and the structure of the low lying excited states.

Keywords: Nuclear structure theory; Relativistic density functionals; Shape transitions

1. Introduction

Medium heavy nuclei in the lanthanide region of the periodic table are in constant focus of precise
experimental efforts, in order to accurately pinpoint the standard characteristics of transitional nu-
clei. The change in shape of even-even Erbium and Ytterbium nuclei along the neutron-rich side of
their isotopic chains, from N = 82 to N = 110, is such a case. Very recent experiments have been
performed by the nuclear physics group of NKUA at IFIN-HH Bucharest, in a number of Yb iso-
topes, results of which are reported in another contibution by Dr. P. Koseoglou in the current issue
of HNPS Advances in Nuclear Physics. In this, a theoretical study is presented using the relativistic
energy density functional framework and its extension beyond the mean-field level. The starting
point is a Lorentz- invariant Lagrangian that defines an effective interaction via the exchange of vir-
tual mesons, coupled to the nucleon wavefunction [1-3]. In this framework, nucleons are treated as
Dirac spinors. Since the nuclei under investigation are mainly open-shell, an additional finite-range
separable pairing force in momentum space is included [4, 5]. By appropriately defining the particle
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and pairing densities, a covariant energy density functional is constructed, the variation of which
leads to the Relativistic Hartree-Bogoliubov (RHB) equations [6]. These equations are solved using
the DIRHB code in a triaxial basis, allowing for quadrupole degrees of freedom described by the f,
and y deformation parameters [7]. By imposing constraints on these variables during the solution of
the RHB equations, potential energy surfaces are obtained for each isotope. The ground-state shape
is identified with the global minimum of the surface. Following this procedure, the evolution from
spherical to well-deformed axially symmetric shapes is illustrated for both isotopic chains

In a second step, a five-dimensional collective Hamiltonian incorporating vibrational and rotational
degrees of freedom is constructed [8]. Its parameters are determined from the Bogoliubov quasi-
particle wavefunctions and occupation numbers obtained from the constrained RHB calculations.
Diagonalization of the collective Hamiltonian yields the low-lying collective excitation spectra and
E2 transition probabilities. Examining the ratios of these observables provides important insights
into the collective behavior of the isotopes under investigation.

2. Theoretical Framework

2.1 Relativistic energy density functional

The theoretical modeling of nuclear structure phenomena requires a sophisticated application of one
of several quantum many body problem methods [9]. Energy density functionals is one of the most
powerful and successful tool that allows a universal study of the most important nuclear physical
properties. The starting point is a Lagrangian density function with a minimal set of degrees of
freedom necessary for the description of the nucleon nucleon interaction. In the case of relativistic
mean field theory [1], where nucleons are treated as Dirac spinors that interact via the exchange of
virtual mesons this Lagrangian consists of three parts

L=LNn+Ln+ Lin. (1)
The first part describes the free motion of Dirac spinors
Ly =§(iyud" - m)y, (2)
the second part contains the free mesons and photon terms
1 1 1 1 1
L= 58;,0’8”0 - Em o? - —Q#VQ’”’ + 2m OO —R,,VR + mpp,,p F,,VF”V (3)
and the last part includes the minimal set of interaction terms

Lint. = _ga‘ﬁ_‘//o' - gw‘/;)’”‘//w,u - gplﬁ?yﬂ‘pﬁu - e‘/;Yﬂ‘ﬁA;v 4

In this picture three mesons are used to simulate the nuclear interaction. The sigma meson: an
isoscalar scalar field responsible for the long range attraction. The omega meson: an isoscalar vector
field responsible for the short range repulsion. The rho meson: an isovector vector field responsible
for the isospin dependence. In addition to that the electromagnetic field is also included with the
vector potential A¥. Based on the respective densities ps(r), j, (1), J_';,(r) and jem,(r), we can write
the Hamiltonian density as follows:

A
H() = 3 9] (@p+ fmpis + 5 [(V)* 4 mda] = S[(Ve)* 4 mdot] = S[(Vp)® + mp?] = S[(VAV]

+ [gopso + gwjpw'u + gpfp P+ ejemAr]. 5)
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Finally the energy density functional comes from the integration of the Hamiltonian density over
the coordinate space

Erur [, J. 0, o 7, AV] = / PH (). ©)

A crucial component for the accurate description of nuclei located in the middle of a nucleonic shell
is the inclusion of pairing correlations. The natural extension of the above picture is the Relativis-
tic Hartree- Bogoliubov (RHB) approach. The basic concept is the transformation from particle to
quasiparticles using the pair creation and annihilation operators,

n
a, = Z Unkcl + Viicn, (7)

defined from the usual particle creation cj, and annihilation ¢, operators. In the RHB approach the
ground state defines the quasiparticle vacuum i.e. a|®) = 0 for Ex > 0 or [®) = [[g, >0 ak|-).

Aside from the normal particle density gy, = (@Ici,cnlcb) we also have the pairing tensor K,y =
(®|cp ey |P) and the total energy density functional now contains a pairing term

Eruslp, K] = Ermr[p] + Epair [K], 3)

which is determined by the specific type of pairing interaction. In the current study a finite range
pairing force, which is a modified version of the Gogny pairing force has been used [4, 5] typically
referred as TMR force. In coordinate space it has the form of a two body force

2

V(ry, 1,17, 15) = -GS(R - R')P(r)P(r')%(l - P%), P(r) = a2, 9)

(47ra?)3/2 €

Presently, the strength parameter G has been adjusted at each isotope so that it reproduces the
experimental pairing gap as defined by the three point indicator. For the neutron channel it has the
form

="

A®N(N) = —,— (2BE(Z,N) = BE(Z,N = 1) = BE(Z,N + 1)), (10)

and equivalently for protons.

A variation of the energy density functional with respect to both particle and pairing densities leads
to the RHB matrix equations

sz—tn—/l A )(Uk(r))_Ek(Uk(r))

—-A* ~hp+m+A )\ Ve(r) | Vie(r) (1

where we have two average potentials, the Dirac field given by the variation of the energy functional

with respect to the particle density

. OE
D = 55

and the pairing field obtained from the variation of the energy functional with respect to the pairing
tensor

(12)

. OE
A = 5 (13)

The numerical diagonalisation of the RHB matrix yields the Bogoliubov wavefunctions U and V
as well as the quasiparticle energies Ex. In practice, once these are obtained one can calculate any
observable in the static picture of the ground state of a nucleus.
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2.2 Collective Hamiltonian

To calculate excitation spectra and transition probabilities for quadrupole vibrations and rotations,
it is necessary to restore the collective correlations and symmetries broken by the mean-field ap-
proximation. The formal method for achieving this is the Generator Coordinate Method (GCM).
This involves using the results of constrained Relativistic Hartree-Bogoliubov (RHB) calculations
and then projecting the total wavefunction onto states with good quantum numbers (like angular
momentum and parity). However, this GCM approach is computationally demanding, especially for
heavy nuclei. A common alternative is to use the constrained RHB results to map the energy surface.
This surface is then used as input to construct a simpler, effective collective Bohr-type Hamiltonian,
which is less computationally intensive while still capturing the essential collective dynamics.

Hcoll = Tvib(ﬁ’ Y) + Trot (,B, Y, Q) + Vcoll (ﬁ> }/) (14)
The three terms of the Hamiltonian are:

+ the vibrational kinetic energy T,i, = 2Bgg + BB, fy + 1B,y 1
« the rotational kinetic energy T,,; = % Z,‘z:l Ika)lzC

« and the collective potential V,o;;(fy) = Eror (BY) — AVuin (BY) — AVior (By).

The entire dynamics of the collective Hamiltonian is governed by seven functions of the intrinsic
deformations f, y and the three Euler anglesQ: the three mass parameters Bgg, Bgy, B,,y, the three
moments of inertia [y and the collective potential.

3. Results and Discussion

3.1 Mean-field results

The first step of this investigation is to solve the RHB equations (11) for each nucleus on the isotopic
chains of Er and Yb with 82 < N < 114. The specific relativistic Lagrangian employed is given
by the parameter set of DD-ME2 [6], that is a meson exchange interaction with density dependent
coupling constants, along the TMR pairing force. The self-consistency of the solution is based on
the variation method through an iteration procedure that ensures the minimization of the energy
with respect to changes in the densities. This gives an approximation of the static ground state of
the nucleus.

A more evolved approach is to apply certain constraints on the values of operators that are related
to the shape of a nucleus The most common and the ones we used are the quadrupole operators,
Qg = 222 — x? —y? and 0y, = x2 — y? since they describe the basic shapes found in nuclei, spherical,
axially deformed or triaxial deviations. Consequently the average energy is minimized with the
additional condition of the operators having a certain value i.e.

)+ Y o (40) ) (15)

p=0,2

Typically, quadrupole shapes of nuclei are characterized by the Hill-Wheeler 8 and y coordinates
which are defined from the relations:

Q20 = fcosy, Qg = %ﬂ siny. (16)
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The f coordinate gives the axial elongation. So for = 0 the shape is spherical, and for § ~ 0.2-10.3
the shape is axially deformed. In that case if y = 0° the nucleus is prolate and if y = 60° the nucleus
is oblate. For in between values of y there is also a triaxial degree of freedom.

The constrained RHB calculations are performed over a discrete mesh of points in the polar plane
of the f and y coordinates, where 8 goes from 0 to 0.6 with a step of 0.05 and y from 0° to 60° with
a 10° step. This allows us to plot the projected energy surface PES on that specific plane. The point
with the lowest energy corresponds to the ground state. We are thus able to examine how the shape
of each isotope changes in the mean-field level.

In Fig. 1 we show the PESs for Er isotopes with 82 < N < 104. The ground state corresponds to the
dark blue area. Naturally, the first isotopes 1>°Er and °?Er that are close to the N = 82 magic number,
have a minimum at the f = 0, y = 0° point i.e. they are spherical. As the neutron number increases
the respective isotopes become more deformed, as the minimun moves to the right of the y = 0
axis. In particular, beyond '5°Er all isotopes possess a clear prolate shape with axial deformation
0.2 < 8 < 0.35. Note that based on the PES *Er can be identified as transitional and actually its
minimum lies in the triaxial region. Another typical characteristic as the neutron number increases
is the narrowing of the blue area around the minimum. Meaning that, the isotopes become more
rigid and less sensitive to triaxial vibrations. In Fig. 2 the respective projected energy surfaces are

0.6,80 0.6/80

152Er

Figure 1. Projected energy surfaces of Er isotopes with 82 < N < 104, from constrained RHB calculations with the DD-ME2
Lagrangian and the TMR pairing force.

shown for the same neutron numbers but now for Yb isotopes. Practically the overall picture is
identical to that of Er isotopes. Only minor differences are observed in the position of the ground
state minimum and the size of region with low energies around it.

3.2 Collective Hamiltonian results

In the second part of the study we concentrated our analysis on the collective behavior of Yb isotopes,
in order to compare with our recent experimental results. For this we use the collective Hamiltonian
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Figure 2. Same as Fig. 1 but for Yb isotopes with 82 < N < 104.

of eq.(14) in the five dimensions- (5SDCH) of 3, y and the three Euler angles Q, which is an approx-
imation beyond the relativistic mean-field [8]. The parameters of the Hamiltonian are completely
determined by the constrained RHB calculations. Specifically at each point in the PES, the mass pa-
rameters Bgg, Bgy, By, are calculated within the cranking approximation and the three moments of
inertia Iy, are calculated using the Inglis-Belyaev formula. The collective Hamiltonian is then derived
in the Gaussian overlap approximation [9]. In this way we are able to extend the fully microscopic
approach to a collective model that can describe quadrupole rotations and vibrations. The numerical
diagonalisation of the Hamiltonian is equivalent with the solution of the corresponding eigenvalue
problem. In the end we get the eigenvalues and eigenfunctions of the Hamiltonian,

M B y.0) = D Vi (By) Py (6), (17)

KeAl

in other words the complete spectrum of the quadrupole rotational and vibrational excited states. I
is the total angular momentum of each state and M and K are its projections on the laboratory and
intrinsic third axis respectively. A typical spectrum of low-lying excited states contains the ground
state band with its excited states built above and several other bands. Their structure and position
can lead to their identification as f§ or y bands. A way to determine the band type where each state
belongs is by examining its K component. Excited states with predominant K = 2 components
belong to a y band, while states with predominant K = 0 belong to the § band above the yrast
states that usually belong to the ground state band. Fig.3 shows exactly the distribution of the K
components for the states 2, 27, 47 and 47, for the first five Yb isotopes. The isotopes 1**1°6158Yh
that are near the spherical closure at N = 82 present significant mixing. However, as they approach
the rigid rotor limit they include pure rotational and vibrational states. Based on that fact we can
assign the calculated states to the right band.

An insightful figure is to plot the evolution of the systematics of states, characterized by I, belonging
to a band along the isotopic chain. In Figs. 4 and 5 we have plotted the systematic change of the
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Figure 3. Distribution of the K components in the collective wavefunctions. Left figure 2 and 27 states, right figure 4; and
47 states
3

ground state band and the (quasi-) gamma band. The choice, was based on the fact that there are
available experimental data in the ENSDF database [10]. In each figure the left diagram shows the
theoretical results and the right diagram the evaluated experimental energies. Based on the previous
analysis of the PESs there is also at each diagram a delineation of the y-soft and rigid rotor regions
of the Yb isotopic chain. Clearly isotopes with 86 < N < 92 that we can place at the near- spherical
transitional type, show larger distance between intraband states. Isotopes that can be associated
with a rigid rotor with N > 94 have an approximately flat behavior.

For the ground state band these isotopes follow the I(I + 1) pattern. There is rather good agreement
of the theoretical calculations with the experimental energies, especially in the rigid rotor region.
Larger deviations are observed near the N = 82 closure, where the particular model in principle
shows limited success.

For the (quasi-) gamma band we also calculate a systematic decrease of all the energies up to N = 92
where the end of the y-soft region is. Interestingly, the observed states show a kink with a maximum
at N = 104 which is the middle of the neutron shell. This indicates that the particular isotope is more
rigid against y vibration compared to its neighbors. Theoretically, this can be explained by the PESs
where as we saw, the whole surface becomes narrower around the minimum and especially stiff
along the y direction. In the collective Hamiltonian results we do see a slight increase from N = 92
and onwards, but generally the excited states stay rather flat.

Other useful spectroscopic quantities are certain energy ratios that also reveal the collective behavior
of each isotope. Two of the most commonly used are the ratio Ry/; = Eq+ — Ep+ of the first 47 excited
state over the first 2 and Rq/2 = Eg+ — Ep+ of the first 6] over again 2]. These are presented in Fig. 6
for the results obtained with DD-MEZ2, together with the values from the experimental energies [10]
and the result of the recent experiment on 8Yb by Koseoglou et. al. to be published. Within
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Figure 4. Evolution of the ground state band excited states with increasing N. The left figure are the theoretical results, the
right figure are the experimentally assigned energies.
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Figure 5. Same as Fig. 4 but for the (quasi-) gamma band
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Figure 6. Ry, and R, energy ratios from 5DCH based on DD-ME2, experimantal values from [10] and the value for '72Yb
from Koseoglou et. al.

each subfigure we also designate the corresponding values for the two ratios as they are determined
by the underlying dynamical symmetry of the Interacting Boson Model. At first glance there is a
nice agreement of the theory with experiment. Both quantities reaffirm the previous conclusions.
First, that isotopes with 84 < N < 92 can be placed in the transitional region of y-soft nuclei.
Second that isotopes with N > 94 are at the rigid rotor region, with 7°"178Yb being practically
perfect rotors. Notably the maximum value for both ratios is obtained for ’®Yb, where the recent
results by Koseoglou et. al. give slightly larger value than ENSDF [10]. Finally, in Fig. 7 we plot
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Figure 7. Quadrupole transition probabilities from 5DCH based on DD-ME2 and experimantal values from [10]

the theoretically calculated quadrupole transition probabilities B(E2; 2] — 0,) and B(E2;4] — 27)
and their experimental values [10]. These observables are also crucial as a measure of collectivity
the higher they are. Furthermore, they provide an indirect estimate of the quadrupole deformation
B- in the case of a rigid rotor isotope. There is a reasonable agreement of the theoretical model
with the overall experimantal trend. As expected transition probabilities have relatively low values
near N = 82, and gradually increase to a maximum located at N = 100 (°Yb) before they start

decreasing for N > 102. Interestingly, the experimental B(E2; 2] — 0;’ ) has a small dip at N = 100

S
(17°YDb) instead of a maximum.

4. Conclusion

In the present contribution, the relativistic energy density functional framework, extended beyond
the mean-field level through a five-dimensional Collective Hamiltonian (5DCH), was successfully
applied to investigate the shape transition and collective properties of Er and Yb isotopic chains
(82 < N < 114). The analysis, starting from projected potential energy surfaces (PESs) calculated
with the DD-ME2 parameter set, clearly illustrated the transition from spherical to y-soft to well-
deformed prolate shapes as the neutron number increased. The subsequent diagonalization of the
5DCH provided microscopic descriptions of the low- lying excitation spectra and transition prob-
abilities. Key findings, such as the evolution of band energies and the critical energy ratios Ry,
and Rz, demonstrated excellent agreement with available experimental data, firmly establishing
the presence of a transitional y-soft region (84 < N < 92) and a robust rigid rotor region (N > 94).
While some larger deviations were observed near the N = 82 magic number, the overall perfor-
mance of RHB+5DCH framework validates its use for systematically studying collectivity in the
rare-earth region, and paves the way for future studies incorporating additional degrees of freedom
or examining shape coexistence phenomena in neighboring nuclei.
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