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Abstract

The symmetry energy is a key quantity for the structure of finite nuclei and the bulk properties of neu-
tron stars. Therefore, its investigation has special significance in nuclear astrophysics, especially given
the uncertainty that presents in the high density region and the large error in data from corresponding
experiments. A way to get an indication about the behavior of symmetry energy in high densities is to
examine it in the context of neutron stars. The recent observations of gravitational waves emitted from
binary neutron star mergers provide useful information on characteristics such as the radius and the tidal
deformability, i.e. two quantities that are in direct relation to the symmetry energy. Our work aims to
examine the symmetry energy under this point of view and specifically obtain constraints on the structure
of finite nuclei. In this effort, we deploy a methodology that is based on parameterization of the equa-
tion of state of asymmetric and symmetric nuclear matter through the introduction of a parameter called
n = (KoL?)'/3, which combines the incompressibility K, and the slope parameter L. In fact, the parameter
n serves as a regulator of the stiffness of the equation of state. This quantity affects both the properties of
finite nuclei and the properties of neutron stars, where the isovector interaction plays a significant role.
Hence, we expect that the obtained constraints, through the values of 1, will provide insights on the prop-
erties of neutron stars and finite nuclei vice versa. Our investigation proposes a simple and self-consistent
method to examine the effects of 7 on both kind of properties, which led us to derive constraints on the
latter systems by using recent experiments (PREX-2) and astrophysical observables (observations from
LIGO/VIRGO collaboration).

Keywords: dense nuclear matter; isovector properties; symmetry energy; neutron stars; tidal deformability

1. Introduction

One of the most important quantities directly related to the study of neutron-rich nuclei and neutron
stars is the Nuclear Symmetry Energy (NSE) [1-4]. The NSE is connected to the isovector character
of nuclear forces and is strongly dependent on the baryonic density. The terrestrial experiments aim
to limit down the uncertainty of this quantity at the low density region of nuclear matter (found as
well in finite nuclei). On the other hand, the uncertainty is great in high densities, in which also the
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empirical data present large error.

Based on the significant importance of the aforementioned quantity, various theoretical studies have
been conducted through the years [5-12], as well efforts on the experimental domain [13-15] in-
vestigating a possible correlation of the two main parameters of NSE, i.e. the slope parameter L
and its value at the saturation density of nuclear matter J, to various properties of nuclear matter
. The search for such correlations have put under investigation properties like the nuclear masses,
the neutron skin thickness, the dipole polarizability and others [1]. In addition, various neutron star
properties have been found to have sensitivity to the NSE, such as the radius, the maximum mass,
the crust-core transition density (hence the thickness of the crust), the thermal relaxation time and
neutrino cooling mechanisms and reaction rates [1].

The main idea of our approach is to study self-consistently few of the isovector properties of finite
nuclei and neutron stars, i.e. by using the same nuclear model. This work (which is a review of
our study in Ref. [16]) is based on a previous study [8], as far as the applied nuclear model for the
description of finite nuclei is concerned. The latter, is extended for the purpose of the current study
so that is suitable for neutron stars. In more detail, based on previous studies [12], we proceed to
the parameterization of the equation of state (EoS) which describes the asymmetric and symmetric
nuclear matter through the parameter n = (KoL?)!/3, where K, is the incompressibility and L the
slope parameter respectively. In fact, parameter 7 is a regulator of the stiffness of the EoS.

In this study we used the data from the PREX-2 experiment concerning the neutron skin thickness
of 2%8Pb [17, 18], in which its values are quite large compared to other experiments and consequently
imposes strong constraints on the slope of the SNE requiring a stiff EoS at least for densities close to
the saturation density. The tension to the CREX results is well presented in recent studies [19, 20],
which lead to smaller values on symmetry energy parameters, neutron skin thickness and dipole
polarizability, i.e. favoring a softer EoS contrary to the PREX-2.

In addition, we use the observational constraints from the GW170817 event [21] regarding the tidal
deformability of neutron stars. This observation favors in general softer EoSs. Even if these two
sources provide conflicting demands on the stiffness of the EoSs, can lead to strong constraints on
the NSE and the EoS of dense nuclear matter. Through our procedure we were able to obtain useful
information on both the structure of finite nuclei and neutron stars aspects.

2. Nuclear Model

The main quantity in our approach is the energy per particle of asymmetric nuclear matter, where
in a good approximation, at least for densities close to the saturation density, is given by [1, 2]

K
E(n,a) = Eg + —— (n = ng)* + S(n)a’ (1)
18ny

where & = (n,—n,)/n is the asymmetry parameter, with n, and n, the number densities of neutrons
and protons respectively and ny is the saturation density. Moreover Ey = E(ng, 0) is the energy per
particle at ny, Kj is the incompressibility and S(n) is the symmetry energy. Especially, the nuclear
symmetry energy S(n) can be expanded around the saturation density as

oL Koym o,
S =T+ () + 2R = @
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where J = S(ng). The slope parameter L is related to the first derivative and Ky, to the second
derivative of the NSE according to the definitions
dEgym(n) dE3 . (n)
L =3m (;—) Ky = o2 (5— )
n=no n=ng

For the purpose of our investigation we omit the third term in the expansion of Eq. (2) which has
a small contribution compared to the others. Hence, the described expression serves as the link
between the properties of finite nuclei and neutron star matter as follows

Ep(n,a) = + (] + ;To(n - no)) nao? (4)

0

The above Eq. (4) is a very good approximation for densities close to the saturation density with
appropriate parameterization of the parameters Kj, J and L.

2.1 Description for Finite Nuclei

The empirical Bethe-Weizsacker formula for the binding energy of a finite nucleus with A nucleons
and atomic number Z is given by

Zz-1) +aa (N -2)" + Eadds (5)

- _ 2/3
BE(A,Z)— ayA + asA + ac 73 A

where the first term corresponds to the volume effect, the second one is the surface contribution,
the third term refers to the Coulomb repulsion of the protons, while the last term corresponds to
other additional factors including the pairing interaction. By using fits of known masses to the above
formula one can determine the corresponding coeflicients ay, as, ac, and as. We express the total
energy of the nucleus in terms of an energy density functional of the proton p,(r) and neutron p,(r)
number densities as follows

= / & (p(r), a(r)) d*r, (6)
4%

where E(p(r), a(r)) is the local energy density, p = p, + p, is the total number density, and o =
(prn = pp)/(pn + pp) is the asymmetry function. The integration is evaluated over the total volume
V of the nucleus. In our study we consider the following functional

E= / (Sb(l)’ a) + Fo|Vp(r)[* + ip(l - a)Vc(r)) &, (7)
N

where & is the energy density of asymmetric nuclear matter, the second term is the gradient
term originating from the finite-size character of the density distribution and the third term is the
Coulomb energy density. The Coulomb potential is given by

R L '——/ p=alr)) o, 0

|r — 1’| |r—1’|

We notice that the Poisson equation for the Coulomb potential V2V (r) = —47rezpp (r) can be used to
check the convergence of the iteration process involved in the calculations. Following the procedure
described in Ref. [16], we obtain a second-order differential equation for p(r)

d*p 4F, dp &, 1
oF, 2L 4 20 T ()€ —A —ady =0 9
°dr? rodr op 4( a)Ve— A —alz =0, 9)
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and also we obtain an equation that provides us with the Lagrange multiplier 1,

&, 1
— — — oV, A =0 10
L L PVe+ hap() (10)
which gives
Ve A2
a(r) = - (11)
85(p)  2S(p)
In the above equations the two multipliers come from the expression
h = 47r*(& + A1 p(r) + Aa(r)p(r)) (12)

In order to avoid the complication due to the Eq. (9) we employed a variational method by using
an appropriate trial function for p(r) so that an approximate solution for heavy nuclei can be ob-
tained [22]. The trial function that was used in the present study is of a Fermi-type one, given by

Po
1+exp[(r—d)/w]

p(r) = (13)
The asymmetry function a(r) obeys the constraints 0 < a(r) < 1. However, expression (11) does
not ensure the above constraints, since for high values of r (low values of p(r) and consequently
S(p)) a(r) increases very fast and there is a cut-off radius, r. where a(r;) = 1and also a(r > r.) > 1.
In order to overcome this unphysical behavior of «(r) we use the assumption

m(Vc(r)—Mz), r<re

a(r) = (14)
1, r2re.

The calculation of the symmetry energy coeflicient a4, defined in the Bethe-Weizsacker formula, can
be done through the local density approximation. In this approach a4 is defined by the following
integral

as = ﬁ/yﬂ(r)s(p)az(ﬁd% (15)

The above definition (15) shows explicitly the direct strong dependence of a4 on the symmetry
energy S(p) and the asymmetry function a(r). It was suggested that the symmetry energy coefficient
a can be expanded as [5]

ay' = (ay) "+ (ay AT (16)

Moreover, we define the neutron skin thickness (one of the most important quantities regarding the
isovector character of nuclear forces) as AR, = Ry — Ry, where

1/2 1/2
(l/ rzpndsr) :(l/ rz—p(1+“)d3r) (17)
N Joy Ny 2

1/2 1/2
1 2 3 _(1 p(1-a) 5
(Z [Vr ppd r) = (Z [Vr 5 d’r (18)

We notice that the neutron skin thickness ARy, is not directly dependent on S(p), compared to
the case of ay. However, it is dependent indirectly through a(r). Thus it is reasonable to expect
ARgin, as well as the coefficients a4, ai, and aX to be strong indicators of the isospin character of
the nuclear interaction.

Rn

Ry
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2.2 p-equilibrium Matter in Neutron Stars

The EoS of neutron star matter is the key quantity to explore the structure and the properties of
neutron stars [23, 24]. It consists mainly by two parts, (a) The first one is the contribution of the
baryons (neutrons and protons mainly), (b) and the second is the contribution by leptons (mainly
electrons and muons). In our study we consider that the contribution on the energy density of
neutron star matter is given by the Eq. (4). The pressure is defined through baryons as

d(&/n) Ko

L
2 2 2
=—n’(n—-ny) +a®*——n 19
dn 9n2 ( o) 310 (19)

Pb=n2

The contribution to the total energy density &, and P, pressure by electrons is given by the well
known formula of the relativistic Fermi gas. The total energy density and pressure of charge neutral
and chemical equilibrium matter are then given by

ot = Ep + &, Pyt =Py + P, (20)

The above Egs. (20) constitute the cornerstone of EoS construction. We underline that the proton
fraction x;, = n,/n plays a crucial role on neutron star properties and presents clear sensitivity on
the NSE. In particular, the condition of beta equilibrium in the interior of neutron stars y, = y, + i,
where p; (i = n,p,e) are the chemical potentials of protons, neutrons and electrons, leads to the
following equation

4(1 - 2x,)S(n) = hic(37°ne)"® = he(3n%nx,) '/ (21)

2.3 Tidal Deformability

We consider the well known Tolman-Oppenheimer—Volkoff (TOV) equations for the hydrostatic
equilibrium and the EoS & = &(P) for the fluid of a neutron star. The developments in the domain
of detecting emitted gravitational-waves from binary neutron star mergers offer an extra tool to
investigate the properties of dense nuclear matter as well the EoS itself. During the inspiral phase of
the binary neutron star systems, the tidal effects are imprinted in the gravitational-wave signal, and
hence can be measured. The tidal Love number k, describes the response of the neutron star to the
tidal field and depends both on the neutron star mass and the applied EoS. The exact relation which
describes the tidal effects is given below [25, 26]

2 R
Qij = —gszEij = —AE;j, (22)
where A is the tidal deformability. The tidal Love number k; is given by [25, 26]
8 5
ke = — (- 26)* [2 - yr + (yr — 1)2B] X [28 (6 — 3yr + 3B(5yr — 8))
+ 4% (13— 11yr + B(3yr — 2) + 2°(1 + yp))
+ 3(1-2p)" [2-yr +2B(yr — DI In (1-2p)] ' (23)

where B = GM/Rc? is the compactness of a neutron star. Through the numerical integration the
parameter yg is obtained (for more details see [25, 26]). Furthermore, another important quantity
is the effective tidal deformability of a binary neutron star system A [21], due to the ability of the
detectors to measure it well in the emitted gravitational-wave signal. Hence, this quantity can be
treated as a tool to impose constraints on the EoS. The dimensionless form for the tidal deformability
of each component neutron star of the system is given by

2 (c*R)’ 2 o R\ (M)’
A—gkz (W) —§k2(1.473) (E) (ﬁ) (24)
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We notice that A is sensitive to the neutron star radius, hence it can provide information for the low
density part of the EoS, which is related also to the structure and properties of finite nuclei.

3. Results and Discussion

As a first step in our study, we calculate the properties of the nucleus 2°®Pb using the methodology
discussed earlier. In more detail, we compute the neutron skin ARy, and the coefficients ay, ai and
aX for various values of 7. We keep the symmetry energy at the saturation density fixed at J = 32
MeV. We consider a large enough range for 5 to vary, inspired by the work of Ref. [12]. Our results
are presented in the Table (1). We notice that the stiffness of the EoS affects more the skin and the
coeflicients a4 and ai than the aX parameter. By comparing the skin with the experimental data of
PREX-2 we are able to obtain some constraints on 7. Considering that the values of the skin of 2°Pb
reported by PREX-2 are [17, 18]

ARgqin = (0.283 £ 0.071) fm (25)

where the quoted uncertainty represents a 1o error, we conclude that the values of 5 are roughly
limited in the interval n ~ [110 — 120] MeV. Similar constraints apply to the coefficients a4, a3
and ax. At this point, we can recall the empirical relations for the values of the above coefficients,
reported in Ref. [5], where the dependence of the mass coefficient a4 (see Eq. (16)) can be well
described in terms of a macroscopic volume-surface competition formula with ai =~ 10.7 MeV and

ax =~ 33.2 MeV. Therefore, the suggested appropriate interval for # is the one mentioned earlier.

Table 1. The incompressibility Ky (in MeV), the slope parameter L (in MeV), the parameter  (in MeV), the ARy, (in fm), aa
(in MeV), af\ (in MeV), aX (in MeV), Mpayx (in Mg), and A; 4 correspond to the various EoSs.

Ko L n ARggin aa ay ay Minax A1

220 40 70.61 0.0462 27.870 35.591 32.114 2.342 333.362
224 48 80.21 0.0693 26.846 27.565 32.127 2.356 384.534
228 56 89.42 0.0971 25.718 21.713 32.144 2.369 441.022
232 64 98.31 0.1316 24445 17.185 32.167 2.381 505.311
236 72 106.95 0.1768 22.953 13.489 32.201 2.392 579.319
240 80 115.38 0.2420 21.090 10.283 32.257 2403 664.153
244 88 123.63 0.3504 18.442 7.836 30.594 2.413 767.730
248 96 131.72 0.4376 14.839 6.4756 24.198 2423  895.909
252 104 139.69 0.5054 10.477 4.576 17.075 2.433 1048.289

256 112 147.53 0.5624 5.4637  2.366 8.953 2442 1252.559

In Fig. 1a we show the mass-radis relation for a single neutron star and for all EoSs. The EoSs
characterized by the parameter 1 are shown with solid curves; lighter colors correspond to higher
values of . The shaded contours correspond to the observational data of different origin. One can
observe that all EoSs predict a high enough value for the maximum mass My, to be compatible with
current observations, with the M,y increasing as the value of n grows. We notice also the behavior
of radius which increases accordingly to 1. In general, the increasing of 1 affects more the radius
compared to the My,ay, and especially those EoSs with the highest 7 lie outside of the GW170817
observation [21] (orange shaded contours). On the other hand, only the EoS with the lowest value
of 5 can predict simultaneously the GW170817 contour and the HESS observation [27].

The Fig. 1b demonstrates the behavior of the EoSs, characterized by the  parameter, by applying
them to the case of the GW170817 event. Specifically, we show the A — g dependence, accompanied
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Figure 1. (a) The mass-radius (M-R) dependence for various EoSs depending on the parameter 5. Various astrophysical
constraints have been included for comparison (shaded regions). The shaded regions from bottom to top represent the
HESS J1731-347 remnant [27], the GW170817 event [21], PSR J1614-2230 [28], PSR J0348+0432 [29], PSR J0740+6620 [30],
and PSR J0952-0607 [31] pulsar observations for the possible maximum mass. (b) The effective tidal deformability A vs the
binary mass ratio q for all the cases of EoS, applied to the GW170817 event [21]. The gray region corresponds to the excluded
values provided by LIGO.

by the observational upper limit on A. As one can observe, the high values of 7 lead to very high
values of A, with a value of 7 ~ 110 MeV to be the limit for this specific event. In general, this
behavior arises because the stiffness of the EoS depends on 7.

In order to examine further the dependence of the EoS to  we constructed Fig. 2a, in which the tidal
deformability A; 4 of a 1.4 Mg neutron star is studied as a relation of 5. Each point corresponds to
the relevant EoS, characterized by the value of 1. As 1 gets higher values, the color of points gets
lighter. By applying the observational limits of A 4, provided by LIGO, we extracted an upper value
of Hmax = 106.676 MeV so that all the EoSs with n < f,.«, indicated by the red horizontal arrows in
the figure, fulfill the observational constraints of GW170817. The green color curve shows a fitted
formula, which in a good approximation is given in the following form

A14(n) =crexp (cg), (26)
where ¢; ~ 63.38614 and ¢, ~ 1.00745.

Moreover, we studied the neutron skin ARy, related to A; 4, aiming to extract further information
as shown in Fig. 2b. The points indicate the corresponding EoSs as described in the previous figure.
The upper limit A, 4 = 580 imposes an upper value for the neutron skin, ARy, = 0.175 (red dashed
line), while the corresponding limits provided by PREX-2 lead to the following values for A;4 €
[632.379,777.727] (purple horizontal dashed lines). The combination of these two constraints lead
to different directions. The gravitational-wave origin leads to smaller values of the neutron skin,
while the PREX-2 favors higher values. This contradiction arises from the softness of the EoS that
the GW170817 imposes, while the PREX-2 requires a stiffer EoS.

Looking deeper in the microscopic features, we constructed Fig. 2c. In this kind of diagram we take
advantage of the observational upper limit A; 4 = 580 provided by GW170817 (light orange area),
so that a lower limit on each coefficient can be imposed. For the surface coefficient this limit corre-
sponds to ai > 13.45837. By applying the estimation region for A; 4 that we extracted previously
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Figure 2. (a) A1 4 related to the parameter i, (b) A1 4 related to the neutron skin ARy, (in fm), (c) A1 4 related to a (in MeV)
and the surface (volume) coefficient ai (aX) (in MeV). In all figures, the light orange shaded area indicates the observational
constraints on Aj 4 by GW170817 [21], while the purple one indicates the estimation for A 4 that we derived by the PREX-2
requirements.

(provided by PREX-2 measurements on the neutron skin), the surface coefficient should lie inside
ai € [8.23576,11.68261]. The A1_4((xf1) behavior can be described well by the following formula
Ara(a}) = csexp(—aj/eq) + cs exp(=ay/cq) + ¢, (27)
where c3 = 1082.95, ¢, = 6.18075, cs = 552.26432, ¢ = 71.30309, and ¢; = 3.32712 x 1077, The
distinct estimation values (originating from either observational data that we used) reiterate for the

other two microscopic parameters, a4 and &, as one can observe from Fig. 2c. We notice that the
coeflicient aX demonstrates a behavior like saturation in its value for lower values of A 4.

4. Conclusion

Our study demonstrated that the neutron skin thickness and the coefficients a4, af‘ and aX are

sensitive on the parameter  which characterizes the stiffness of the EoS; this effect becomes stronger
for higher values of 5 (5 > 120 MeV) leading to abnormal values for these parameters. Also, we
obtained the specific range 110 MeV < n < 125 MeV, which must be fulfilled by 5 so that will be in
accordance with the PREX-2 experiment.

Moreover, our investigation from the astrophysical point of view through neutron stars showed
that the EoSss with the highest 5 fail to describe the GW170817 event, while only the EoS with the
lowest value of n can predict the HESS observation. By including in our study the restrictions from
tidal deformability A; 4, we were able to extract an upper value of npax =~ 106.676 MeV so that all
the EoSs with n < fjmay fulfill our requirements. By combining the two different kind of constraints
(nuclear experiments and astrophysical observations), we observe the rising of a contradiction; the
astrophysical observables lead to smaller values of neutron skin, while the PREX-2 favors higher
ones. This behavior is based on the softening of the EoS that the GW170817 imposes, contrary to
the PREX-2 which demands stiffer EoSs. We conclude that if we define the tidal deformability or
even more the radius of a neutron star more precisely, we will also be able to define even more
precisely the range of a4, af‘, and aX.

We notice that our model reproduced very accurately the range of predictions of Ref. [32], especially
for the range of values L = 60—90 MeV, ensuring the reliability of the predictions at least for the range
up to twice the saturation density. Even simple our model indeed described simultaneously finite
nuclei and neutron stars. The inclusion of higher order terms on the expansion of nuclear symmetry
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energy has recently drawn attention so that a deeper investigation can be applied on the examination
of contradictions that arise between astrophysical observables and PREX-2 results [33-35]. A future
perspective based on our current study is the inclusion of higher order terms. Additionally, we would
assume that future precise measurements on the properties of neutron stars can provide further
information on the microscopic structure of finite nuclei, especially those that are neutron-rich (and
vice versa).
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