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__________________________________________________________________________________________ 
 
Abstract The purpose of this work is the study of neutron stars (NS) equation of state (EOS) using 
constraints on tidal deformability derived from observation of binary neutron star (BNS) mergers, such as 
GW170817. The mathematical formalism is introduced, and then for a variety of EOS the system is solved 
numerically, allowing us to determine the mass, the radius, the tidal love number 𝑘"	and the tidal 
deformability 𝜆	of the NS, each one of them unique for each EOS. Moreover, for a fixed value of chirp mass 
𝑀&'()* = 1.188	𝑀⊙		under the assumption that 𝑚" < 𝑚2 (where 𝑚2 is the heavier component mass of 
BNS system), the effective (mass-weighted) tidal deformability 𝛬4 of the binary system is determined for 
each EOS. We consider an upper limit of 𝛬4 ≤ 800 (GW170817) and a lower limit of 𝛬4 ≥ 400 (AT2017gfo). 
Also, we construct the 𝛬2 − 𝛬"	space and we compare the behavior of EOS with the most recent LIGO’s 
data. We found out that the most EOS models give values of 𝛬4 less than the upper limit and that the most 
stiff EOS are excluded.  
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INTRODUCTION 
 
On August 17, 2017, the LIGO & VIRGO gravitational waves (GW) detectors network observed a 
signal of emitted gravitational waves, from the inspiral of two compact objects, which was identified 
as a binary neutron star system (BNS). The contribute arising from the presence of VIRGO was 
determinant in order to strongly constraint the sky location of the source via triangulation-based 
techniques. The combined data from both LIGO and VIRGO detectors, determined the precise sky 
position of the source to an area of 28 deg2 [1]. This information  enabled strong search, in the next 
days and weeks after the detection, for the optical and electromagnetic (EM) counterpart of the event.  

Flanagan and Hinderer articulated that binary neutron stars coalescence is one of the most 
important source for gravitational waves detectors [2]. One of the goals of neutron stars (NS) binaries 
detections is to obtain informations about the nuclear equation of state (EoS). For the most part of the 
inspiral, finite-size effects have a negligible influence on the gravitational-wave signal, therefore only 
during the last orbits of the inspiral, and especially for GW frequencies above a lower limit of 500 Hz, 
the effect of the internal structure can be seen.  

Some of the parameters that can be measured and constrained by the GW detectors are the chirp 
mass of the BNS and the effective tidal deformability. In the present work, we compute the mass, the 
radius and the tidal parameters of a single neutron star using the TOV equations for a variety of EoSs. 
Moreover, we use the constraints on the effective tidal deformability, that the GW170817 provided us, 
both from the GW signal and the EM counterpart, in order to study the behavior of each EoS. 

 
TIDAL EFFECTS 
 

It has been shown that the orbital motion of a BNS system produced the emission of gravitational 
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waves, which removes energy and angular momentum from the system [2-4]. This causes the orbits to 
decrease in radius and increase in frequency, leading to the inspiraling motion of the two compact 
objects of the binary. During the late phase of the inspiral, the tidal interaction between the two compact 
bodies has a significant role to their gravitational field and orbital motion.  

The induced tidal field 𝐸(; affects the quadrupole moment 𝑄(;, and it’s described by [5]: 
𝑄(; = 𝜆(𝑚)𝐸(;, 

where λ is the tidal deformability parameter, given by [5]: 

𝜆 =
2
3𝑘"

𝑅B

𝐺 				(1) 

The tidal deformability 𝜆 depends on the tidal parameter 𝑘" and the radius 𝑅. The dependence on 
the star’s radius means that the smaller the star, the harder to be deformed. The tidal parameter 𝑘", 
known as tidal love number, depends on the structure of the neutron star, i.e. its mass and equation of 
state, given by [5,6]: 
 

k" = (β, yH) =
8βB

5
(1 − 2β)"[2 − yH + 2β(yH − 1)]	

 

 

 × [2β(6 − 3𝑦P + 3β(5𝑦P − 8))  
 +	4βQR13− 11𝑦P + β(3𝑦P − 2) + 2β"(1 + 𝑦P)S  
 +3(1 − 2β)"[2 − 𝑦P + 2β(𝑦P − 1)] 𝑙𝑛(1 − 2β)]V2 (2) 

 
where β is the compactness of the star and 𝑦P is a parameter which is determined as [5,6]: 
 

𝑟
𝑑𝑦(𝑟)
𝑑𝑟 + 𝑦"(𝑟) + 𝑦(𝑟)𝐹(𝑟) + 𝑟"𝑄(𝑟) = 0, 					with					𝑦(0) = 2, 𝑦P ≡ 𝑦(𝑅) 

(3) 

𝐹(𝑟) and 𝑄(𝑟) are functionals of the energy density, the pressure and the mass defined as [6]: 
 

𝐹(𝑟) = _1 −
4π𝑟"𝐺
𝑐b

Rℰ(𝑟) − 𝑃(𝑟)Se f1 −
2𝑀(𝑟)𝐺
𝑟𝑐" g

V2

																			 

𝑟"𝑄(𝑟) =
4π𝑟"𝐺
𝑐b

_5ℰ(𝑟) + 9𝑃(𝑟) +
ℰ(𝑟) + 𝑃(𝑟)
∂𝑃(𝑟)/ ∂ℰ(𝑟)

e f1 −
2𝑀(𝑟)𝐺
𝑟𝑐" g

V2

	

															−	6 f1 −
2𝑀(𝑟)𝐺
𝑟𝑐" g

V2

	

															−
4𝑀"(𝑟)𝐺"

𝑟"𝑐b f1 +
4π𝑟Q𝑃(𝑟)
𝑀(𝑟)𝑐" g

"

f1 −
2𝑀(𝑟)𝐺
𝑟𝑐" g

V"

 

 
The numerical integration of the previous equations, combined with the well known TOV 

equations, provide us the mass 𝑀, the radius 𝑅 and the parameter 𝑦P. Hence, the compactness parameter 
β and the tidal love number 𝑘" can be determined for each equation of state. 

In Fig. 2 we present the tidal deformability 𝜆 of a single neutron star as a function of its mass 𝑀. 
In general, the more stiff equations of state lead to bigger values for the tidal deformability. But even if 
an EoS provide a big value for the maximum mass, as we can see from Fig. 1, this is not enough to 
provide big value for the 𝜆. For example, the HLPS-2 EoS predict big maximum mass for the NS, but 
too small values for the tidal deformability, regarding to other EoSs with smaller maximum masses. 
This behavior is due to the fact that 𝜆 is proportional to the 5-th power of star’s radius, therefore is more 
sensitive to the radius than to the mass of the star, see Eq. (1).  
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Figure 1. Mass vs Radius of a single NS, for various EoSs. 

 
Figure 2. Tidal deformability 𝜆 of a single NS as a function of the mass 𝑀, for various EoSs. 

 
BINARY TIDAL DEFORMABILITY  
 

We talked in the previous section about the significance of the tidal deformability in the late phase 
of evolution for a binary neutron star system. One of the parameters of the BNS that can be measured 
from the GW detector is the chirp mass ℳ𝒸 [1]. The chirp mass is a quantity that contains the masses 
of the two component stars. Its exact form is given by [1]: 
 

ℳ𝒸 =
(𝑚2𝑚")Q/B

(𝑚2 + 𝑚")2/B
=

𝑞Q/B

(1 + 𝑞)2/B 𝑚2 
(4) 

where 𝑞 = 𝑚"/𝑚2,with	𝑚" ≤ 𝑚2 → 𝑞 ≤ 1, is the binary mass ratio. 
In addition, the combined tidal effects of two neutron stars in a circular orbits are given by a 

weighted (effective) average of the quadrupole responses [5,7], named effective tidal deformability, 
given by: 
 λp =

1
26
q
𝑚2 + 12𝑚"

𝑚2
λ2 +

𝑚" + 12𝑚2

𝑚"
λ"r 

(5) 
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We can rewrite Eq. (5) in a more appropriate way, in order to be a dimensionless quantity [8]: 

 
Λt =

16
13
(12𝑞 + 1)Λ2 + (12 + 𝑞)𝑞bΛ"

(1 + 𝑞)B  
(6) 

where Λ = λ/𝑀B = "
Q
𝑘" u

&vP
wx
y
B
 is the dimensionless tidal deformability of a single NS. 

The GW detectors provide strong constraints on the effective tidal deformability Λt. The 
GW170817 event puts an upper bound of about 800 (newer analysis of the signal from the LIGO gives 
a smaller upper limit), for a measured chirp mass ℳ𝒸 = 1.188𝑀⊙ and 𝑞 ∈ (0.7,1) [1]. The mass range 
for the heavier component star is 𝑚2 = (1.36, 1.60)𝑀⊙, and for the lighter one is [1]: 

𝑚" = (1.17, 1.36)𝑀⊙ 
In our study we adopt the proposed values and ranges of parameters by LIGO, except for 𝑞 (𝑞 ∈

(0.4, 1)). By using the Eq. (6), for a fixed value of ℳ𝒸, one can determine the Λt (see Fig. 3). 

 
Figure 3. 𝛬4 − 𝑞 relation for 𝑞 ∈ (0.4, 1), ℳ𝒸 = 1.188	𝑀⊙ for various EoSs. The shaded grey color corresponds 
to the excluded regions from the analysis of the GW170817 signal (both from GW and EM counterparts). The 
upper limit on 𝛬4 is obtained from the LIGO/VIRGO analysis of the GW counterpart [1], while the lower limit is 
derived from the EM counterpart [9]. 

In Fig. 3 we show the effective tidal deformability Λt as a function of the binary mass ratio 𝑞. One 
can observe that the more stiff equations of state the bigger the values for Λt, in some cases even above 
the upper limit of 800. On the other hand, the more soft EoS, in general, the  smaller the values for Λt. 
We note that the proposed value of the lower bound is still very wide (other studies propose different 
lower bound [9]), instead of the upper bound which is more tight.  

Lattimer et al referenced that for masses 𝑚 ≥ 1𝑀⊙, the 𝑘" parameter varies roughly as βV2 [8,10]. 
Under this assumption the dimensionless tidal deformability can be rewritten as: 
 Λ ≃ αβV~ (7) 

where α estimated to be α = 0.0039 ± 0.0007 for the case of GW170817 event [10]. This value holds 
for masses in the range of 1.1𝑀⊙ ≤ 𝑚 ≤ 1.6𝑀⊙, which is valid for the mass range of GW170817. As 
Soumi De et al pointed out [8], the range of stellar radii in the mass range of interest for GW170817 is 
small. Hence, because of the small mass sensitivity to the radius, it could be taken that 𝑅2 ≃ 𝑅" ≃ 𝑅�. 
Therefore, by using the Eq.(7), it was found that [8,10]: 
 Λ2 = 𝑞~Λ" (8) 
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By combining the Eq. (8) and Eq. (6), one can obtain that [8]: 

 
Λ2RΛt, 𝑞S =

13
16Λ
t 𝑞"(1 + 𝑞)b

12𝑞" − 11𝑞 + 12 

 

(9) 

 Λ"RΛt, 𝑞S = 𝑞V~Λ2 (10) 
 
It is well known that when the two components have equal masses, 𝑚2 = 𝑚" → 𝑞 = 1, then Λt =

Λ2 = Λ" [8]. Therefore, for the given mass range of GW170817 event, one can compute the value of Λt 
when 𝑞 = 1R𝑚2 = 𝑚" = 1.36	𝑀⊙S. Then, by treating the Λt as a constant, and for a specific range for 
𝑞, the Λ2, Λ" can be computed from Eq. (9) and (10), for each EoS. Hence, the Λ2 − Λ" space can be 
constructed (see Fig. 4). 

 
Figure 4. 𝛬2 − 𝛬" space for various EoS. The blue shaded color corresponds to the region of PhenomPNRT 
model’s data [11,12]. The solid line corresponds to the 90% credible region, while the dashed line to the 50%. 
The overlaid grey lines correspond to different values of 𝑞. 

In Fig. 4 we present the Λ2 − Λ" space for all the EoS that we used so far in our study. One can 
note that as in Fig. 3, the more stiff EoS in general are above the upper confidence limit of 90%, 
predicting large values for the Λ2, Λ". These EoS are those with the bigger radii. This is not unexpected 
if we remind ourselves the dependence of Λ to the 5th order of R. Also, from the studying of Fig. 4 we 
note that the GW170817 event favors more compact neutron stars. 

 
DISCUSSION AND CONCLUSIONS 
 

The EoS that we used in our analysis are consistent with the observational constraints on the 
maximum mass of neutron stars and reproduce a NS of 2 𝑀⊙. In the first part of our work, we studied 
the mass, the radius and the tidal parameters for a single neutron star. We saw that in general the more 
stiff equations of state predict bigger values for the tidal deformability λ. In addition, we observed the 
significant role of the radius affecting the tidal deformability, both in a single neutron star and in the 
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binary case. Subsequently, we investigated the binary tidal parameters, especially the effective Λt. In 
our approach we adopted the estimations of the LIGO analysis regarding to the parameters of our 
interest. The GW170817 provided a strong constraint on the upper limit of Λt, while the lower limit is 
not specific. We used a value derived from the EM counterpart of the signal. The upper limit on the Λt 
led to the exclusion of the most stiff EoS. Also, by the studying of Λ2 − Λ" space one can note that the 
GW170817 event favors more compact neutron stars. We note that the detection of a BNS merger and 
the constraints that it brought to the EoS, it’s only the beginning of a new era and further detections of 
future events will provide even more constraints on the equation of state and information to our 
knowledge about the neutron stars structure and characteristics.  
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