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Department of Theoretical Physics

Aristotle University of Thessaloniki
GR-54006 Thesssaloniki, GREECE

Abstract

The inlfuence of state dependent short range correlations on the
occupation numbers of the single particle shell model orbits of the dou-
bly closed shell nuclei 80 and “°Ca is examined. The study shows
that the effect of the state dependence of the short range correlations
is rather small. The total depletion of the nuclear Fermi sea changes
slightly compared with the one calculated by considering state inde-
pendent short range correlations.

1 Introduction

In a series of papers [1-3] a simple method was proposed for the introduction
of short range correlations (SRC) in the ground state nuclear wave function
for nuclei in the region 4 < A < 40. This method offers the possibility to
obtain closed form expressions for the correlated charge form factors F.x(q)
of s-p and s-d shell nuclei and the corresponding correlated proton density
distributions pe.,(r). The correlations were of the Jastrow type [4] and the
correlation parameters were determined by fitting the charge form factor
experimental data.

Recent high resolution (e,e’p) experiments have shown significant devia-
tion from the mean field picture [5-9]. The quantum states, especially those

158



near the Fermi sea [5] appear to be depleted and this clearly demonstrates
that the single particle orbits are partially occupied because of nucleon-
nucleon correlations [8].It is noted, however, that in such experiments only
a part of the spectroscopic strength is measured and therefore it is expected
that the occupancy of the single particle orbits is larger (e.g. a value of about
80% 1s reported for the occupation probability of 3s;/, in lead [10], while an
analysis of (e,e’p) data yields a spectroscopic strength of about 50% [11,12]).

In very recent publications [13,14] we used pe.,(r) derived in the way
described above as input in a method for the determination of fractional
occupation probabilities, where the natural orbital representation (NOR)
[15] is employed, by imposing the condition peor () = pn.o(r), where p, o(r) is
the density distribution constructed by natural orbitals. Thus, one can make
a systematic study of the effect of SRC on the occupation numbers of the
shell model orbits and the depletion of the nuclear Fermi sea in light nuclei.
However, SRC used so far were assumed to be state independent, i.e. the
correlation parameters are the same for all states of the relative motion.

The aim of the present paper is to estimate the effect of state dependent
SRC on the occupation numbers. We expect that in this way, we will be
able to reproduce better the experimental data for F,4(q) especially at large
momentum transfers, obtaining thus better correlated densities p(r) at small
r and describing better the particle states in NOR. The paper is organized
as follows : In section 2 closed form expressions for the correlated F.,(q)
are presented for the case of *0 and *°Ca. In section 3 the method for
the determination of occupation numbers is outlined and finally in section 4
numerical results are reported and certain comments are made.

2 Closed form expressions for the corre-
lated charge form factor Fi;(q) of %0 and
0Ca.

The factor cluster expansion of Ristig, Ter Low and Clark [16] as reviewed
by Clark [17] was employed [18] to derive a general expression for the charge
form factor Fix(q) of light closed shell nuclei. The method was simplified
(1] using normalized correlated wave functions of the relative motion of the

159



form:
Yis(r) = Nus[l — exp(—Ausr?/6*)]dn(r) (1)
where N,s are the normalisation factors, ¢,;(r) are the harmonic oscillator

wave functions and b = v/2b; (b; = y/h/mw) is the harmonic oscillator (HO)

parameter for the relative motion.Thus an expression for F,x(q) of °0 was
derived in closed form (expression (30) of [2]) :

Fern(q) = f(q) fom(q) x
{Ee™v Y [6(7 — 6y + y*) APE(o) + 4(3 — y) (650 + 98s1) %
S5=0,1
(2)
Ag}g(]@) + 15A8§§(J0) + 3A}8§(jo) - 43/(550 T 9551)A8}§(j2)

—2v/6y AR5 (jo) — 4V15A%S(j2)] — 14e~2(1 — y)}

where
ATES (k) =< Yuslie(qr/2)|Ynws > (3)

and f,(q) and fom(q) are the corrections due to the finite proton size [18]
and the center of mass motion [19] respectively.

In an extension of the above work the following formula was derived for
the F.4(q) of *Ca in the Born approximation:

Fen(q) = fo(q) fem(q)[Fi(q) + Fa(q)) (4)

where

4
Fi(q) = ——42 2l; + 1) < nililjo(gr)|nili >= (1 — 2y + gyz)e'2y (5)

nilg

is the contribution of the one body term to Fi;(q) while the contribution of
the two body term to Fiu(q) is

F; = Fa(q) + Fa(q) (6)
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where

Fz(‘l)=
L{12[( 185 — 40y + By? — 4y® + 1y*) Aw (o) + (22 — Ty + §?) Aea(jo)

+Z Aos(jo) + (£ — By + 2y?) A10(j0) + 2 A12(jo) + & A20(jo)

+(= 2y + 2y?) Ana(52) + 3y*Aoa(Ja)] + 20[(30 — 35y + 11y* — y°) Ao1(jo)
+(& — Iy) Aos(jo) + (3 — 3¥)Aulio) + (—5v + 8y* — ¥°)Aui(52)
—5yA11(J2) — TyAos(s2)]}e™¥ — 39(1 — 2y + 5y)e™%

and

2(q) =
& [V6(—25y + 16y — 2y%) A (jo) + 2v/30y> A% (jo) — 5V 14y AL (jo)

&~ PI]”

+4v/10(—5y + y?) Afl (jo) — 2v/By A% (jo) + v/15(—50y + 32y* — 4y>) AR3(j2)
+12y/ 1397 Ag3(52) + = (—21y + 6y%) A} (j2) + 4V10(4y + y*) Aji (ja)
108

— By A% (72) + 2VI14y AR (j2) — 4v2y A7) + 2v/10(8y — y*) AR3(52)

+12v14y Afi(52) — 2v/35y Al§(72) + 361/ 55y° Aa(ja) + Zaxy AR (ja)le

(8)
where
y = bjg*/8 (9)
and
A (k) =< Yutlin(@r/2bwr > ANGR) = AulGr) (10)

In previous work [2-3] “approximate” expressions were used for F,(q) of 10
and *°Ca which are quite satisfactory and allow us to make a systematic
study for light nuclei (4 < A < 40). By “approximate” we mean that an
expansion of the coefficients a;()),8:(}), 7i(A) was made in powers of A and
the terms beyond A~%/2 were neglected (see relations (10) of [2]). In the
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present work we use “exact” expressions, i.e. the above approximation is not
used.

Closed form expressions for p,.(r) of 1*0O and *°Ca can be easily derived
[2,3] with the aid of the formulae for F.4(q) written above and are used as
input to the theoretical method described in section 3.

In the case of “°C'a in order to reduce the number of adjustable parameters
we assume that the wave functions of the relative motion are the same in
singlet and triplet states i.e. Ayo = Any for all n,l. Otherwise the number of
parameters appearing in formulae (7) and (8) would be large and we would
not be able to determine them by fitting the experimental data. Hence, there
is no spin dependence of the matrix elements A™"(j;) in (7) and (8).

3 4

3 4 0 1

0 1 2 2
q(tm1) q(fm-1)

Fig. 1. The charge form factor of '°0 (for details see text) Fig. 2. The charge form factor of “’Ca (for details see text)

3 The theoretical method

Here we present very briefly the main points of our method [13-14]. The
connection with the short range correlations is done by employing the nat-
ural orbital representation [15]. The natural orbital approach has already
been applied in the past for nuclear structure studies [20-22]. Recently this
approach was also employed [23] within a varionational Jastrow-type cor-
relation method to study quantum liquid drops such as Fermi liquid *He
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and Bose liquid *He. It is the most suitable way of keeping the simplicity
and the visuality of the single particle description while the effect of short
range correlations is taken into account in an effective way by expressing the
ground state wave function in terms of the occupation probabilities of the
single particle orbits.

In our approach it is assumed that the radial part of the single particle
wave functions of a harmonic oscillator potential can be identified with “nat-
ural orbitals” in a way similar to [21-24,25] (see also [26]). It is noted that
proper linear combinations of harmonic oscillator wave functions could be
used instead, ( see for example [27]). In such a case, however, the method
loses its simplicity.

The determination of the occupation probabilities and the size parameter
b1(n.o) is made by assuming that peor () = pn.o(r), Where p,o(r) in the case
of spherical symmetric systems takes the simple form:

pr) = 3 S0 + Dl ) (1)

where n, is the occupation probability (n, < 1) of the q(=nlj) state. In
addition we demand that for the proper model space

< rk >cor=< rk >no (12)

Our previous results for the occupation numbers ( see tables II-IV of [13])
lead to a total depletion of the nuclear Fermi sea which apart from *He is
about 32%.

The merit of this approach is that, in some way, it establishes a relation-
ship of fractional occupation probabilities with short range correlations. The
effect of short range correlations is taken into account in an effective way and
is absorbed in the values of the calculated occupation numbers and the size
parameter b;(n.o).

It should be noted, however, that this relationship is not completely clear
because we are not able to distinguish the corrections to the charge form-
factor Fix(g) for large values of q because of short range correlations from
the ones due to meson exchange currents.

Another point which we think that it is worthy for further investigation
and it is the aim of the present work is the fact that in [13] the oscillator
parameter b;(n.o) was taken state independent. Specifically, b;(n.0) was
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considered the same for all states within and above the Fermi sea. This
is a rather rough approximation and it might lead to an overestimate of the
total depletion.

The low energy (k < 2fm™!) experimental electron scattering data e.g.
charge density distributions, elastic form-factors, proton momentum distribu-
tion e.t.c are in general satisfactorily described by the mean field approxima-
tion. However, this is not the case at higher energies where mostly short range
correlations manifest themselves and therefore deviations from the mean field
picture are expected. Because of them hard colllisions between nucleons at
small distances (< 0.5fm) may result in a scattering of nucleons into states
of higher energy above the Fermi sea, which thus appear to be partially oc-
cupied. Preliminary experimental estimates for fractional occupation proba-
bilities [9] support this idea. Having this in mind it seems reasonable for one
to assume that states above the Fermi sea with non zero occupancy mainly
reflect the short range correlations effect. In addition since such states de-
scribe short range effects at high momenta it is expected to be characterized
by smaller root mean square radii. In other words they restrict themselves
in the interior of the nucleus where the density has significant values. In
our approach this corresponds in expressing them by “natural orbital” wave
functions having a smaller size parameter. The method was improved [14]
by considering different oscillator parameters for the hole states and those
above the Fermi sea. In other words p,,(r) is divided in two parts :

pro(r) = p5aS(r) + prb(r) (13)

where each part is expressed by a harmonic oscillator basis characterized by
the oscillator parameters b and b respectively. In addition it is assumed that
for p<E'S(r) the occupancy of the states above the Fermi sea is practically
zero, while for p>¥5(r) only the states above the Fermi sea have occupation
probabilities which appreciably differ from zero [14].

Here, we give the expressions of the two parts of the density for *°C'a and
for a model space containing three major shells:

2

7 +1V3—]erp( r[b%) (14)

—

<SF( )_

Vs [N1 + Np

Nl*—*
S

and

1 1 4 i 5
P50 = gy — g + Nalean(—r/B)  (15)
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where

Ny =2n45 4 3ngs Ny = 4dnyp — 4ng, N3 = %nw + 457125
) (16)
Nl = 10n2p N2 = i_‘;)nlf + ‘:‘n2p

The various moments < r* >, ,=< r*¥ ><5F 4 < pk 5>SF e written

< rk >8P = I bR NIT(52) + NoT(A42) + NoI'(&47)]

(17)
<k >25F= EoB(NT(A2) — $NiD(5T) + NoT(52)]

Similar expressions are derived in the same way for the other nuclei which
possess spherical symmetry in the region 12 < A < 40 [14]. The two parts
somehow reflect nuclear characteristics which are sensitive to the low and
high momentum component of the charge form factor Fi.1(q) respectively. It
was shown that this modification leads to a significant reduction of the total
depletion [14]. Finally it is noted that in a very recent publication Stoitsov
et al [28] study by means of natural orbital representation the influence of
short-range correlations on the single particle wave functions and occupation
probabilities. The authors propose a decomposition of the one-body density
matrix which reflects both the low and high momentum components of the
correlated ground state. They also used Jastrow type short range correlations
which, however, were taken state independent. Their study corroborates our
conclusions in [14].

4 Numerical results and comments

The structure of expression (2) implies that the parameters A,;s for n,! fixed
should be taken equal in the singlet and triplet states i.e. Ao = Anj, except
in the case n=0, =1 where Ag10 # Ao11- The correlation parameter \s
and the HO parameter b; were determined by fitting the experimental values
of F.(q) of 0. See third row of table 1 of [1] where there is, however, a
misprint: b;=1.632 must be replaced by b;=1.708. In this work we repeated
the fit for 0 by removing the condition Agio # Ao11, that is we considered
the case Agio = Aoi1. Thus the values A,;s are taken to be the same in
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singlet and triplet states for every pair nl, in order to work on equal footing
with the case where no spin dependence of ) is taken into account for “°Ca
(relations (7) and (8)). The parameters were again determined by fitting the
experimental values of Fyx(q) of **Ca. The results are shown in table 1. It
is noted that the results for 80 are quite similar with the ones of [1].

( Aoo Ao Aoz Aoz Aoy Ao A A1z A20 |
B0 o 9.737 3.862 5.590
MWCa 21.554 12.093 5.659 2.511 4.214 20.518 11.451 5.683 20.588

Table 1: The values of the SRC parameters in various states of 160 and *°Ca.

In table 2 the calculated size parameters b and b together with the corre-
sponding ones without taking into account the state dependence of the SRC
parameters [14] (i.e. b(s.in), b(s.in)) as well as those which correspond to the
pure harmonic oscillator (mean field) b;(HO), the correlated case b; (cor) and
the parameters b;(n.o) [13] are shown for the nuclei considered in this work.
It is seen that the parameters b and b are very close to the ones of [14] where
the state dependence of SRC was ignored. In addition the same comment
can be made as in [14] that is, SRC affect mainly the particle states.

[ b,(HO) by(cor) bij(n.0) b(sin) b(sin) b b |
0 1.786 1.705 1597 1.697 1529 1.726 1473
TCa 1.950 1.894 1.785 1.886 1728 1.932 1.728

Table 2: Comparison of b;(HO), b;(cor), by(n.o) of ref. [13] and b(s.in), &(s.in)
from [14] (state independent (s.in) correlation parameters) with the harmonic
oscillator parameters b and b obtained in this approach.

In table 3 the occupation probabilities n, of the single-particle states of
60 and “°Ca are displayed. The values in parentheses correspond to the
occupation probabilities calculated in our previous study [14] where the SRC
parmeters A were taken state independent. It is seen that the values of n,;
do not differ much from those of the previous study.
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r ny, Nip nig N2s nyy N2p J
50 0.86 (0.87) 0.86 (0.80) 0.10 (0.14) 0.06 (0.06)
WCa  0.82 (0.93) 0.72 (0.75) 0.72 (0.72) 052 (0.60) 0.38 (0.34) 0.10 (0.09)

Table 3: Occupation probabilities n, for various nuclei obtained in this approach.
The values in parentheses correspond to those calculated in [14] i.e. by consid-
ering state independent correlations

Finally in table 4 the occupation numbers a, = (25 + 1)n, for 0O and
40Ca calculated in this approach, the preliminary “experimental” values of
[9] and thoses reported in [29] (see also [30]) along with the theoretical values
from other studies [31-33] are shown for the sake of comparison. However,
one should keep in mind the large uncertainties concerning the absolute de-
termination of the occupation numbers as well as the model dependence of
various analyses [8,30,34].

| nucleus nl IPM g, expl? expl?® ref. [31,32] ref. [33] |

we 1s 2 L2 1.6 1.45 1.84
lp 6 5.16 3.6 4.06 5.44
1d 0 1.00 0.87 0.25
2s 0 0.12 0.12 0.03
Ca 1s 2 164 158 1.5 1.94 1.98
lp 6 432 460 5.7 5.85 5.92
1d 10 720 743 7.7 8.84 9.62
2s 2 104 148 13 1.74 1.92
1f 0 532 431 0.99 0.42
2p 0 0.60 0.60 0.21 0.06

Table 4: Comparison of the occupation numbers a,(n.o) for 10 and °Ca calcu-
lated in this work with “experimental” and theoretical values from other studies.

Our analysis shows that in the case of *0 we have a reduction of the total
depletion from 18% to 14% while in the case of “°Ca the total depletion is
slightly increased from 26% to 29%. A firm conclusion for the effect of state
dependent SRC could be made only by carrying out a systematic study for
nuclei in the region 4 < A < 40 as was done in [13] with state independent
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SRC. However, this task is not easy because it is difficult to treat open shell
nuclei with the technique of cluster expansion in the case of state dependent
SRC. Hence we restricted ourselves to the study of two closed shell nuclei
that is 10 and “°Ca. Our results indicate that the effect of state dependent
SRC is rather small compared with the effect of state independent SRC.
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