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Abstract

Valuable information on the correlation structure of the nuclear medium is
stored in the generalized momentum distribution n(p,Q), the Fourier transform of
the half-diagonal two-body density matrix p,,(r;,1,,r)). In this paper, we present a
numerical calculation of n(p,Q) for two Jastrow-correlated models of
symmetrical nuclear matter based on the structural decomposition of n(p,Q)
derived by Ristig and Clark and on a Fermi-hypernetted-chain procedure. Results
exhibit significant departures from the ideal Fermi gas case in certain kinematic
domains; this behaviour indicates the strong short-range correlations present in
these models. Nevertheless, such deviations are less prominent than in earlier low-
cluster-order calculations. The results are also used to judge the quality of
Silver's approximation for n(p, Q).

1.Introduction

There is currently increasing interest in the development of a detailed and
quantitative description of the generalized momentum distribution n(p,Q) and
the associated two-body density matrix of finite nuclei. This interest is mainly
stimulated by the fact that accurate interpretation of a range of recent and planned
experiments on inclusive quasi-elastic (e,e’) scattering [1] as well as exclusive
(e,¢’N) [2] scattering, etc. hinges on a quantitative study of the propagation of
ejected nucleons and their final-state interactions (FSI) due to their collisions

* Presented by M. Petraki
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mainly with the repulsive cores of the potentials on neighbouring nucleons.
Reliable extraction of quantities such as momentum distributions, spectral
functions and transparency from the experimental data requires an accurate
accounting of final-state effects. As we progress beyond mean-field, optical-model
descriptions, theoretical treatments of FSI are found to involve, as input, the
diagonal and half-diagonal portions of the two-body density matrix [3-11].
Finally, n(p,Q) is involved in fundamental sum rules that provide insight into the
nature of elementary excitations of quantum many-body systems [12].

Following the microscopic evaltiation of the momentum distribution a(p)

and its Fourier inverse, the one-body density matrix p,(r,,r;), variational theory
has been extended to the investigation of.the half-diagonal two-body density
matrix p,,(r,,r,,17) of the ground states of infinite symmetrical nuclear matter
and other uniform strongly interacting Fermi systems [13]. Initial calculations of
n(p,Q) have recently been performed [14] for simple models of nuclear matter
defined by Jastrow-correlated wave functions, applying low-order cluster
approximations within the theory of Ref. [13]. In this paper as well as in Ref.[26]
we present the results of our calculations obtained within the framework of the
Fermi-hyperetted-chain procedure.

We consider uniform, isospin-symmetrical, spin saturated nuclear matter at

)”? , where

density p, with corresponding Fermi wave number k= (6n’p/v
v =4 is the level degeneracy of plane-wave single-particle states. For a given state
vector |‘I/>, the generalized momentum distribution n(p, Q) is defined by:

+ +
O, o%5-0%:9; & > (1)

n(p,Q)=%<¥

Here, k labels the single-particle orbital with wave vector k and spin/isospin

projections g,7 while k +Q=(k +Q,0,7). The role played by the generalized
momentum distribution in final-state interactions emerges clearly by introducing

the density fluctuation operator p, = Yai a. (Q #0) and writing definition (1)
I's

E+Q kK
in the form

n(p, Q) = (¥ |p,a;_oa;|®) — n(p) )]

The first term on the right may be interpreted as a transition matrix element for
scattering a particle out of orbital p=(p,0’,7) to another orbital
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p—-Q=(p-Q,0,7), the process being mediated by a density fluctuation of
wave vector Q. The function n(p,Q) is connected to the half-diagonal two-body
density matrix

(81, 1) = AA=D (1,5, 1., )P, 1, ., 1), (3)

by the Fourier transformation

1 .
1(p.Q) =2 poy (1.1, e 00 iy @

In writing (3), the spin/isospin variables have been suppressed for the sake of
economy. For the noninteracting system, the Pauli exclusion principle generates
kinematic particle-particle correlations and n(p, Q) takes the form

1,(P,Q) = 8, (A= 1O(k, — p)— (1- 6,)0(k, — POk, —|p—Q)  (5)

In addition to time-reversal invariance, the generalized momentum distribution
n(p,Q) has the following formal properties that arise from the corresponding

properties of p,,(r;,1,,1;) [13]. The sequential relation in configuration space

jpzA(I',,IZ,I',')dI'Z =(A—1)p,(1‘l,l'l') (6)

relating p,,(r;,1,,1) and the one-body density matrix p,(r,,r;), may be
transformed to momentum space to yield a relation between n(p,Q) and the
momentum distribution n(p)

n(p,Q =0)=(A-1Dn(p) 7

For the full-diagonal case (rj = ry), Eq. (3) reduces to p,,(r;,1,,r) = p’g(r,) and,
summing over p in Eq. (4), we arrive at the so-called p sum rule

A-lf_ﬁln(p,o )= A8, +S(Q) -1 ®)

where S(Q) is the static structure function. In the case of strong short-range
repulsions, n(p,Q) also obeys the Q sum rule
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gn(p,o>=o ©)

Three approximations [16-18] have been proposed for estimating n(p, Q).
In formulating his hard-core perturbation theory of FSI, Silver [17] has proposed
the simple approximation

np, Q=" 5n(p,0) (10)

which, combined with Eq. (8), leads to the following equation for n(p, Q) for
Q#0:
n(p,Q) = n(p)[S(Q)-1] amn

This form obeys the p and Q sum rules and meets the sequential relation, but
violates time-reversal invariance.

A microscopic analysis for the evaluation of n(p,Q) and p,,(r,,1,,r/) at the
variational level of correlated-basis-function (CBF) theory, for both Bose and
Fermi systems, has been developed by Ristig and Clark [15,13]. For the Fermi
case, the ground state wave function is approximated by the Jastrow-Slater
Ansatz

lIJ(l,...,A)=N"14[f(ru)¢(l,...,A) (12)

where @ is a Slater determinant of A plane-wave orbitals filling the Fermi sea up
to kg, f(r;) is the Jastrow two-body correlation function and N is a
normalisation constant. Cluster-diagrammatic decomposition was followed by
graphical resummations to yield structural formulas for p,,(z,,r,,r;) and for
n(p,Q). The quantities building up these functions can be computed either by
cluster expansion to some (low) order or by Fermi hypernetted-chain (FHNC)
techniques [19-21]. In Ref. [14], numerical calculations of n(p,Q) within this
framework were begun for nuclear matter described by a Jastrow-Slater wave
function. Two approximation schemes were investigated:

(i) LO approximation. Evaluation to lowest (two-body) cluster order in the
factorised-Iwamoto-Yamada cluster expansion generated for n(p,Q) directly
from the definition (1).
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(ii)) LOICI approximation. Lowest-cluster-order evaluation of the ingredients of
the renormalised structural expression for n(p,Q) (See Eq. (13) below).

The results of the pilot studies of Ref. [14] differ significantly from the
noninteracting Fermi gas case. However, a detailed investigation of individual
contributions to this behaviour, for models of nuclear matter with different
correlation strengths, indicates that the contribution of neglected higher order
cluster terms may be quite important. The occurrence of large violations of the
sequential relation (7) within the approximation schemes of Ref. [14] supports
also this conclusion. The above considerations indicate that it would be advisable
to proceed to a Fermi hypernetted-chain (FHNC) treatment of n(p,Q). The goal
of the present paper is to perform such an evaluation at the FHNC/0 level and
then to compare it, specifically, with Silver's approximation (Eq.(11)). Section 2
sketches the framework of our calculation. The numerical results for two simple
nuclear-matter models are reported and discussed in Section 3. Some perspectives
for future work are presented in Section 4.

2.Fermi Hypernetted Chain Analysis

Our calculation is based on the microscopic analysis of p,,(r,r,,r))

developed for Fermi fluids by Ristig and Clark [13] within the variational CBF
theory. For a uniform Fermi system described by a Jastrow-Slater wave function,
application of the factorised Iwamoto-Yamada (FIY) cluster expansion scheme
[22] leads to an infinite cluster series whose addends are generally reducible, i.e.
they can be factorised into products of cluster diagrams. Resummation of
graphical subseries with the aid of hypernetted chain techniques results in a closed
form expression for n(p,Q) in terms of a small number of irreducible quantities

(13],

2(P, Q) = (A - D8gen(p) + (1~ 890)Fous (Q)ln(p) - n{p - Q)
H1= 8400) Foo (Q)[1(p) + 1P — Q)]
— 1y (1= 800)[6(k s — P) ~ Foue(P)I[8(kr ~|p— Q) — Fore(p— Q)]
+1= 890)n®(p, Q) + (1~ 840)1®(p, Q)
(13)

(The Q index appearing in Eq.(13) is introduced to make the necessary connection
with Ristig's notation [21]: it should not be confused with the momentum variable
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Q.) In the above expression, n, is the strength factor that arises in the structural
formula for the momentum distribution n(k) [19-21]. The modified momentum

distribution n,,(k) is defined by

1y () = £ pyp ()™ dr (14)

where p,,(r) is the direct-direct (dd) component of the full Fermi one-body

density matrix p,(r;, r). In addition, we have the "two-point" quantities F,, (k)
(with xy=dd, de or cc -- for the meaning of the subscripts dd, de, cc see
Appendix) which serve as form factors, and the "three-point” quantities
n?(p,Q) and n®(p, Q). The designations "two-point" and "three-point" refer to
the graphical topology of the corresponding configuration space functions. The
"three-point" quantity n‘®’(p,Q) is given by a three-dimensional integral over a
sum of products of two-point functions

1 , .
1 (p,Q) = &I K(5, 1, ) e dry (15)

where (with r = lr, = ’z| and r’=\|rf - le)
K(r,,r,,r)=pp/ (1, I}I)Fodd(r)FQdd(r’)
+ P (£, )8, ) Fogy (1) Foue (17) + Fogy (1) Foe ()]
—v PPy (5, 1)) = py)[v'¢(r) = Fo . (N][v7(r") = Fy . (1)]
(16)
The remaining "three-point" -quantity n®(p,Q) is an integral over a sum of
terms, each of which involves at least one irreducible three-point function.

The inputs of Eq.(13), namely n, n(k), np,(k), the Fy,, (k) and n*(p,Q)
were calculated by implementing the FHNC algorithm at the level in which
elementary diagrams are omitted (FHNC/0). (The contribution of elementary
diagrams is generally expected to be significant only at higher densities; thus,
elementary diagrams are commonly ignored in calculations on nuclear systems
[22,23].) The corresponding sets of FHNC equations are too extensive to appear

in this presentation; the interested reader may find the detailed expressions in
Refs. [13,20,21]. The results obtained were further used to calculate the

corresponding FHNC results for n(p,Q). In our calculation, the term n®)(p,Q)
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was omitted; the reasoning is similar to that applied in neglecting elementary
diagrams. '

Expression (13) for n(p,Q) assumes that the sequential relation (7) is
satisfied. In terms of the ingredients of Eq.(13) , this condition is equivalent to

2Fyy,(0)n(p) + 2Fy, (0)1,(p) — m,[6(k . — p) = Fo.. (D)

+1°(p,0) + 1(p0) = ~n(p) i

The FHNC/0 evaluation necessarily compromises the sequential relation (7) (and
hence (17)) to some extent, due to the absence of elementary diagrams and the
term n'*)(p, Q). For the same reason, it also fails to meet the p sum rule (8)
(although the violation may be small). On the other hand, the FHNC/0
approximation does conserve time-reversal invariance and obeys the Q sum rule

9.
3.Numerical results

Numerical calculations of the generalized momentum distribution are
performed for two models of nuclear matter near its saturation density. These
models provide a representative picture of the short-range repulsive correlations of
nuclear systems while the intermediate and long-range correlations are described

in an average way [24]. Both models refer to the density value p=0182fm>,
corresponding to k, =1392fm™.

The "Monte Carlo" (MC) model is drawn from a variational Monte Carlo
study of Ceperley et al [25]; it entails the following form of the Jastrow
correlation function

(1 = er/C,)

f(r)=exp[-Ce " =

] (18)
The parameters C,=17fm,C,=16fm™,C,=01fm were determined by
minimisation of the Jastrow-Slater energy expectation value corresponding to the
ground state of symmetrical nuclear matter. The assumed interaction is the v,
potential; this state-independent potential consists of the central part of the Reid

soft-core interaction in the *S,—>D, channel, acting in all partial waves.

The "Gaussian" model (designated G2) is specified by the Jastrow correlation
function
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£(r)=1-exp(-pr?) (19)

with f=1478fm™. This model has no direct connection with any familiar two-
nucleon interaction. However, it could be associated with a potential containing a
soft repulsive core -- softer than the Yukawa core present in the v, interaction.
The correlation functions f(r) of the two models are plotted in Fig.1.
Qualitatively similar, they nevertheless show significant differences in behaviour
both in the core region and at medium distances. The corresponding wound
parameters, x, = pj (f(r)—=1)*dr for the two models are x, =0297 (MC) and

0.111 (G2).

1.20 qrrrrrr ey R e B i e
1.00 G2, — — = ]
E f E
E / 3
| / E
0.80 4 , M.C -
i =
f(l‘) E ] E
0603 3
4 | 3
EI
0404 ! E
i |
!
i1
0.20 § E
i1 =
El E
Ooo | NN W T N T U W T N WY U W N A W W S W M WY W Y W W U U OO WA U O A U0 O AR
000 1.00 200 300 400 500 6.00 7.00 B8.00

r (fm)

Fig. 1. Pair correlation functions f(r) defining the Monte Carlo (MC) and
the Gaussian (G2) models of the correlation structure of nuclear matter, plotted
against radial distance r.

The FHNC/0 procedure was employed to construct the dimensionless
quantity n(p,Q) from Eq. (13) (disregarding the term n®)(p,Q)) at selected
points in the ranges [0,3k;] and (0,4k:] of the momentum variables p and Q
respectively. Attention is restricted to Q # 0, since as it can be seen from Eq. (13),
at Q=0, the generalized momentum distribution just reproduces the single particle
momentum distribution n(p) , with the large factor A-/ . We focus on the case in

which p and Q are parallel. In Ref. [14], the dependence of n(p,Q) on the angle
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6,0 between p and Q was studied for the MC model in the LO approximation.
Similar behaviour is to be expected in the FHNC/0 treatment.

Fig. 2 displays n(p,Q p/p) for the MC model as given by the FHNC/0
approximation. Figs. 3 and 4 present n(p,Q p/p) as a function of Q at p=ky
and p = 2k respectively, the results for the MC and G2 models being compared
with that for noninteracting fermions. It should be noted that the function
n(p,Q p/p) is discontinuous. For p< k; it is discontinuous at Q= p+ kj
whereas for p > k, it has discontinuities at Q = p— k and Q = p+ k. Also, as
can be seen from Eq. (5), for p < kg, deviations of -n(p,Q p/p) from unity for
Q< p+k; and from zero for Q> p+ k, measure the effects of dynamical
correlations. For p> k., dynamical correlations are also responsible for any
nonvanishing values of n(p,Q). As expected from the corresponding sizes of the
wound parameters, the calculated deviations from the Fermi gas limit are
generally somewhat larger for the MC model than for G2.

,. o

r. o

-nl(p,Q

Z

& e o

Fig. 2. Generalized momentum distribution n(p,Q) as a function of
momentum variables p and Q (>0) for p parallel to Q, calculated by the FHNC/0

procedure based on MC correlations and nucleon density o = 0182fm>.
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Fig. 3. Generalized momentum distribution n(p, Q) as a function of Q (>0)
for Q//p and p = kj, calculated by the FHNC/0 procedure based on the MC and

G2 models and nucleon density p =0182fm™. The result for the ideal Fermi gas
(solid curve) is included for comparison.
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Fig. 4. As in Fig. 3 but at p = 2k,.
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A comparison of the FHNC/0 results with the cluster-truncation results is
presented elsewhere [26]. It is found that higher-order contributions present in the
FHNC/0 treatment have a net large positive effect at low Q or at low Q -k,
which greatly reduces the amplitude of the correlation correction to the Fermi-gas
limit. Also, for all cases examined, use of the FHNC/0 algorithm in place of the
low-order cluster prescriptions leads to dramatic improvement toward satisfaction
of the sequential relation.

We pause in the presentation of the results for n(p,Q) to provide a view of
some of its ingredients calculated within the FHNC/0 approximation for the MC
model. Fig. 5 illustrates the momentum distribution n(k), the modified

momentum distribution 7, (k) and the circular-circular form factor F, (k).

1.00 g T R e o o Emm e o o R
0.90 n(k)
=
B Sy f(r):M.C
0.80 4§ nnu(k) il

0.70 4

toalene el lennaldyygy

0.60 7
0.50 3
0.40 3
0.30 3
0.20 ]

0.10 3 v Fou(®)

FT L —

e deeaa b benaadsarydaagaly

—0.10 E PEETATPLY Loy Lia gy L Ly a i
0.00 1.00 2.00 3.00 4.00 5.00

Fig. 5. Momentum distribution n(k), modified momentum distribution
np (k) and the circular-circular F, (k) form factor , as functions of &, calculated
in the FHNC/0 approximation for the MC model and nucleon density
p=0182fm™

We shall now present a test of the quality of the simple formula (11)
employed for the generalized momentum distribution by Silver [17], by
comparing it with our FHNC/0 evaluation. Silver's formula (11) corresponds to
the following replacements
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n(p) = np,(p) (20)
Fou(Q)+ Foro (Q) = S(Q) -1 (21)
0(k; — p)— Fo..(P) =0 (22)

Figs. 5-7 provide the results at the FHNC/0 level for the MC model which
allow us to judge approximation (11) in terms of its ingredients (20)-(22). Fig. 5
exhibits the merits and demerits of approximation (20). The two momentum
distribution functions n(p) and np,(p) are seen to have very similar behaviour;
their magnitudes differ typically by less than 2-3%. The poor quality of the
estimate (21) is revealed in Fig. 6, which shows S(Q)-I and the sum

Fou(Q)+ Fou (Q)-

Foaa(K)+Fou(k)

-0.30 f(r):M.C 3

S(k)-1

_1203“. [ETTEE NS U T FETRE FUTEE R WY ST STy

0.00 1.00 2.00 300 4.00 5.00 600 7.00 B.00 9.00
k (fm)

Fig. 6. Comparison of the FHNC/0 results for the quantities
Fyut(K)+ Fy, (k) and S(k)—1, computed for the MC model and p =01 82fm™.

The shortcomings of assumption (21) are clearly exposed and are particularly
apparent at small momenta. It is interesting to consider a coordinate-space view of

Fig. 6, in relation to the assumption F,,(r)+ F,,(r)=g(r)—1 (the Fourier
transform of Eq.(21)). The quantities F,,(r)+ F,,(r) and g(r)—1 are compared

in Fig. 7, where we note that the former function has a significantly smaller
correlation hole than the latter at short distance, corresponding to a significantly
smaller excluded volume. The same behaviour is seen for G2 model (Fig.8) as
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well as for liquid *He [13]. The Pauli exclusion corrections to n(p,Q) of the
circular type, included in 6(k,— p)—F,.(p), are omitted in Silver's
approximation; even the trivial kinematic statistical effect of the first term is
ignored. Fig. 5 shows the significance of the circular-circular form factor F, (k).

This function vanishes inside the Fermi sea, jumps to a height of about 0.1 at the
Fermi surface, and decreases slowly in magnitude with further increase of the
wave number p.

0.20 grrrrrrrr T T T T T

Foaa(r) + Faau(r) a

1(r):M.C

20 o b o a3

.20
0.00 2.00 4.00 6.00 8.00 10.00 12.00
r (fm)

Fig. 7. The comparison of Fig. (6) is repeated in coordinate space, g(r)
being the radial distribution function corresponding to the static structure function.

0.20 T T T T T T T T T T T

Foaa(r)+Foae(r)

-0.00

-0.20 f(r):G2

~0.40

-0.60 3

FRYRTRSISTRNE URURTRSRUSRARURRTNINCRUNSTETS FTUUNIN]

-0.80 3

FETTTESTIITURTETY

L

—1.20 Ly L SR CUSHTT Lol

0 alaa i
0.00 2.00 4.0 6.00 8.00 10.00

L

2.00

Fig. 8. As in Fig. (7) but for the G2 model.
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Further, we compare the FHNC/0 evaluation of the generalized momentum
distribution with results obtained within Silver's approximation scheme. Silver's
Ansatz (11) is constructed from inputs n(p) and S(Q) calculated in FHNC/0

approximation. In table I, selected results for n(p,Q) are compared with results
from the current FHNC/O evaluation of this quantity based on the Ristig-Clark

theory. In Figs. 9 and 10 the comparison is made for Q//p at p=kr and
p=2k; respectively. For p=kr, the Silver estimate of -n(p,Q) lies
considerably below the FHNC/0 result in the "Fermi gas" regime specified by
p< kr and | p—Q|S k. and misses the discontinuities in the Q dependence
implied by the Pauli kinematic effect. This behaviour is also exposed in Fig. 10.

TABLE 1. Values of the generalized momentum distribution n(p,Q p/p) of

nuclear matter at nucleon density p=0182fm™ obtained for the MC choice of
correlations using the FHNC/0 method and using Silver's approximation.

Q/k, plk.= 107 plk,= 2.0
FHNC/0 Silver's FHNC/0 Silver's

0.5 -1.2226 -0.6702 -0.0085 -0.0050

10 -1.2634 -0.5131 -0.0142 -0.0038

10* -0.1943

1.5 -1.1876 -0.3208 -0.1664 -0.0024

20 -1.0633 -0.1559 -0.1078 -0.0012

20* -0.0610

2.5 -0.0293 -0.0712 -0.0502 -0.0005

30° -0.0092 -0.0244 -0.0113 -0.0002

3.0* -0.0032

35 0.0006 -0.0033 -0.0006 -0.0000

4.0 0.0043 0.0042 0.0003 0.0000
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Fig. 9. Generalized momentum distribution n(p,Q p/p) as a function of
Q(>0) at p = kp, as calculated from Silver's formula and in FHNC/0
approximation, for the MC model and at p=0182fm™ .
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Fig. 10. As in Fig. (9) but at p=2k.

153



The conclusions drawn from Fig. 7 and 8 are also relevant to a recent study
of FSI in inclusive (e,e’) scattering from nuclear matter carried out within
Glauber correlated theory by Benhar et al. [3], which showed that short-range
correlations produce an effect qualitatively similar to that of color transparency
[27-29]. However, they have approximated the effects of short-range correlations
in essentially the same manner as Silver, who replaces F,,(r)+F,,(r) by
g(r)—1. Therefore, it is evident that if convincing conclusions are to be drawn
from experiment regarding the quantitative importance of color transparency in
inclusive scattering of GeV electrons, it will be necessary to make an accurate
accounting of the analogous effect of short-range nucleon-nucleon correlations,
with the half-diagonal two-body density matrix as the natural descriptor.

4 .Conclusions

In summary, we have performed a quantitative microscopic determination
of a momentum-space transform n(p,Q) of the half-diagonal two-body density
matrix of nuclear matter within the Fermi hypernetted-chain scheme. The
calculations were restricted to the case of a ground-state trial function containing
only state-independent, central, two-body correlations. The results exhibit
interesting features that reflect the interplay of statistical and geometrical
correlations and serve to test the validity of Silver's approximation. Results for
0,,(r,,r,,r}) in FHNC/0 and the test of the validity of the corresponding Silver's
approximation will be published elsewhere [30]. Further investigations of
0.,(1,. 1, 1)) and n(p,Q) in nuclear matter should take into account realistic, state
dependent correlations. Some progress in this direction has been made recently by
Gearhart [31]. A second important direction for future work is the microscopic
determination of these quantities in finite nuclei. To this end, an extension of the
local-density-approximation proposed in Refs. [32,33] for the one-body density
matrix might be developed.
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Appendix

Graphical representation of the various quantities adapted to a Fermi system
described by Jastrow-Slater wave function is performed in terms of the Ursell-
Mayer diagrammatic representation [22,34]. The elements of this representation
consist of root (or external) points, field (or internal) points, direct bonds and
exchange bonds.

A root point represents a particle coordinate which is not integrated over
whereas a field point implies an integration. Bonds representing dynamical and
statistical correlations join pairs of coordinate points. A dashed-direct (dashed-
wavy) line represents a dynamical direct bond and corresponds to the function

*(r)=1 (f(r)-1). A solid line bearing an arrow represents an exchange bond
and corresponds to the function /(k,r).

Following the above notation, dd, de and cc type K, (r)'s are of the form:

dd de cc
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