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Aristotle University of Thessaloniki 

GR-54006 Thesssaloniki, GREECE 

Abstract 

A recently proposed semiphenomenological density distribution for 
neutrons and protons in nuclei is discussed. This density was derived 
using the separation energies of the last neutron or proton. A com­
parison is made with the sym.inetr.ifed Fermi density distribution with 
parameters determined by fitting electron scattering experimental data 
and with a Fermi density with parameters coming from a recent anal­
ysis of pionic atoms. Theoretical expressions for rms radii for neutron, 
proton and matter distributions are proposed,which give the average 
trend of the variation of these quantities as functions of Ν, Ζ and A 
respectively. To facilitate the use of the new density all the parameters 
needed in a practical application are tabulated for a series of nuclei. 
Some applications of the new density are also discussed. 

1 Introduction 

Through the years a lot of information has been obtained for the nuclear 

charge densities by means of electron and muon scattering, nuclear reactions, 

mesonic atoms e.t.c. and sophisticated methods have been developed for the 

theoretical calculation of these densities. In addition, theoretical calculations 



36 

of the neutron and proton densities have also been performed due to the 
importance of these quantities in our understanding of nuclear properties. 
Though the theoretical models developed so far are very good, they have 
reached, however, a degree of complexity. Therefore, in phenomenological 
studies the use of phenomenological density disributions is still attractive 
due to their simplicity. 

The most popular (for nuclei with A > 18) phenomenological density 
distribution is the Fermi distribution and its variants. On the other hand 
variants of the Gaussian distribution have been widely used mainly for light 
systems. The parameters of these densities are usually determined by fitting 
the electron and muon scattering data. From the charge density distribution 
derived in this way one obtains, using a process not always easy or direct, 
the point proton distribution, which sometimes is taken to be equal to the 
neutron or nucléon density distributions. A good representative of the Fermi 
type densities is the symmetrized Fermi distribution [1,2]. 

The aim of the present paper is to assess a rather recently proposed 
semiphenomenological nuclear density distribution for protons and neutrons 
separately, namely the density of Gambhir and Patii PGP{*) [3,4]. The in­
teresting point is that the separation energies of the last proton or neutron 
are used as the only input for the determination of the parameters of this 
density. A comparison is made with the symmetrized Fermi density dis­
tribution PSF(Î) with parameters coming from fitting to electron scattering 
experimental data and to neutron Fermi distributions obtained from pionic 
atoms. 

In section 2 the densities PSF(I) and /?σρ(Γ) are briefly described and in 
section 3 numerical results are reported and certain comments are made. 

2 Phenomenological density distributions 

In this section we describe briefly two phenomenological densities which have 
certain interesting features compared with other densities used over the years 
in nuclear physics: First the symmetrized Fermi density distribution PSF(Î) 
or the so-called universal nuclear charge density distribution [1,2] and second 
the density of Gambhir and Patii [3,4] PGP(T). 
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The density PSF{T) has the form: 

s'mh(R/a) 
PSF = Po 

Po 

with 

cosh(r/a) + cosh(i?/a) 
(1) 

( [ l + e ^ ( ^ ) ] " 1 + [l + expi^)}-1 - l ) 

Po~i^CiYr ^ (2) 
The form factor of this density is very similar to that which has been recently 

studied in [5] for the nuclear case as well as in an analysis of Λ and Ξ hyper-

nuclei [6,7]. It offers the possibility to analyze experimental form factors in 

the framework of the same (in other words, universal) density distribution. 

It has some worth mentioning features and advantages. It has zero slope 

at the origin, contrary to the regular Fermi distribution and therefore it is 

expected to be also suitable for light nuclei.Indeed, for light systems, the be­

haviour of PSF(T) inside the nucleus is similar to the Gaussian one, while at 

large distances (r » R) it shows a realistic exponential behaviour. For the 

medium and heavy nuclei practically it coincides with the Fermi distribution. 

In addition the r.m.s. radius is not a transcedental function of the radius R 

and the following expression is exact: 

- 2 > 1 / 2 = ^ \ Κ Φ 2 <»> 
while in the case of the Fermi distribution the above expression holds ap­
proximately, provided that exp(—r/a) « 1, that is apart from light nuclei. 
Another feature of this density is that its form factor can be calculated ana­
lytically [2]. 

A rather recently proposed semi-phenomenological density distribution 

for /on(r), Pp(v) [3] is the density of Gambhir and Patii PGP(T) = Pi(r) ( i= η 

or ρ for neutrons or protons respectively) which has the form: 

Pi(r) = l—ΕΞϋ ΗΞΖΓ ( 4 ) 
i + A-[i + ( s f c ) 2 l e < [ * ai + e û·· I 

where R is a measure of the size of the nucleus and at and a; are given in 
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terms of the separation energy Ex of the last particle (neutron or proton) by 
the equations: 

ft a ι m 

2y/2mEt h\j2Et 

where q=0 for neutrons and q=Z-l for protons. The above pi(i) has two 

important features: 1) Its central behaviour is dictated by the fact that it 
has a vanishing slope for r=0. 2) It shows the correct asymptotic behaviour 
of the density of the particles in a nucleus. In order to identify R with the 
half-density radius, /?,· is taken to be 

The unknown parameters are pn, pp and R. Two of these ( R and pp) are 

determined from the normalization of pn and pv to Ν and Ζ respectively, 

while pn is taken to be the same for all nuclei, namely: pn % 0.09//m3 which 

gives the observed rms radius for the charge density in 2 0 8 P b . Approximate 

analytic expressions were found for the normalization integrals and the inte­

gration for the r.m.s. radius [3], which have the form: 

pt(r)r2dr ~ — — p{(l + x]) (7) 

< r 2 >~i? 2 (0.6 + 1.4:r2) (8) 

where 
7Γ 

X l = R Ι 2α,£2 ^ 

3 Numerical results and comments 

The calculations of Gambhir and Patii were carried out for a set of 13 nu­

clei. Their predictions are shown in table 1 of [3]. We repeated the calculation 

for a larger set of nuclei to cover the periodic table uniformly as much as pos­

sible. To facilitate the use of pGp(r), we tabulate in tablé 1 all the necessary 
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parameters which are needed in a practical application. Thus one can use 
directly the form of equation (4). 

In a second paper [4] Gambhir and Patii removed the approximation 
pn « 0.090//m3 . In order to identify R with the half-density radius they take 
ßi to be ßi = 2~a'. The unknown parameters are pn,PP and R.The radius R 
is determined by requiring that the r.m.s. radius Rp for the proton density 
predicted by (4) should agree with the one obtained from the experimental 
r.m.s. charge density radius Rc by using Rp « (R2 — 0.6)1/2,where 0.6 is 
the small correction due to the finite sizes of the proton and the neutron. 
The parameter pn is determined from the normalization 4π / pn(r)r2dr — Ν 
and pp from the normalization 4π / pp(r)r2dr = Z. Again we repeated the 
calculation of Gambhir and Patii for a larger set of nuclei and the results for 
the neutron densities are shown in table 2. It is noted that in this case the 
relations (7) and (8) also hold but X{ is given by the following expression: 

_ π α * 
R + ÛJQ, 

The new density can find certain applications which are discussed below. In 
[8] expressions for < r2 > n and < r2 >p are derived from pGp(r) and from 
these the following approximate expressions can be obtained : 

< r2 >lJ2= 1.147iV1/3 + 0.6987V-1/3 < r2 >J / 2 = 1.270Z1/3 + 0 .175Z - 1 / 3 

(10) 
while from [9] the following expression for the matter rms radius may also 
be derived: 

< r2 >]l2= 0.956Λ1/3 + 0.572A"1 / 3 (11) 

The expressions for m.s radii were used [8] as an input for the determination 
of Ηω for neutrons and protons separately. 

Τιωη = 34.17V"1/3 - 36.07V"1 Τιωρ = 27 .9Z" 1 / 3 - 3.2Z" 1 (12) 

In addition in [9] the following expression for Κω Ν (for nucléons) was 
derived: 

ftwjv(A) = 39.0A"1/3 - 36.8Λ - 1 (13) 

In order to see the average trend of the variation of < r 2 >J/ 2, < r 2 >J/ 2 

and < r 2 >]£2 with N,Z and A respectively we make a schematic plot (figure 
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Nucleus 
1 6 0 

19p 
23Na 
24Mg 
27A1 
MSi 
31p 

32g 
35C1 
40Ar 
3 9 K 

40Ca 
45Sc 
4 8 T i 

5 i y 
52Cr 
55Mn 
56Fe 
59Co 
58Ni 
63Cu 
64Zn 
71 Ga 
74Ge 
75 As 
80Se 
79Br 
81Br 
87Kr 
82Rb 
88Sr 
89 γ 
9 0 Z r 
9 3 N b 

R 

2.489 

2.608 

2.860 

2.927 

3.050 

3.111 

3.197 

3.244 

3.351 

3.553 

3.496 

3.534 

3.710 

3.829 

3.925 

3.945 

4.008 

4.031 

4.112 

4.050 

4.215 

4.235 

4.438 

4.542 

4.543 

4.690 

4.631 

4.696 

4.694 

4.623 

4.861 

4.868 

4.877 

4.877 

an 

0.575 

0.7.05 

0.646 

0.560 

0.630 

0.549 

0.649 

0.587 

0.640 

0.724 

0.629 

0.576 

0.676 

0.667 

0.685 

0.656 

0.712 

0.680 

0.704 

0.652 

0.691 

0.661 

0.746 

0.713 

0.711 

0.723 

0.696 

0.714 

0.969 

0.766 

0.683 

0.672 

0.658 

0.766 

ap 

0.654 

0.806 

0.768 

0.666 

0.792 

0.669 

0.843 

0.765 

0.902 

0.644 

0.902 

0.789 

0.868 

0.673 

0.802 

0.703 

0.802 

0.714 

0.839 

0.797 

0.921 

0.820 

0.812 

0.687 

0.867 

0.677 

0.905 

0.831 

0.657 

0.946 

0.699 

0.856 

0.788 

0.927 

ap 

1.221 

1.311 

1.370 

1.353 

1.458 

1.419 

1.569 

1.553 

1.696 

1.527 

1.782 

1.723 

1.836 

1.681 

1.851 

1.779 

1.928 

1.860 

2.052 

2.037 

2.242 

2.146 

2.174 

2.027 

2.337 

2.076 
2.484 

2.362 

2.108 

2.642 

2.247 

2.568 

2.481 

2.786 

A» 
0.603 

0.617 

0.600 

0.587 

0.593 

0.581 

0.591 

0.582 

0.587 

0.592 

0.582 

0.575 

0.583 

0.580 

0.580 

0.576 

0.581 

0.577 

0.578 

0.574 

0.575 

0.572 

0.577 

0.572 

0.572 

0.571 

0.570 

0.570 

0.593 

0.576 

0.565 

0.564 

0.563 

0.572 

ß? 
0.552 
0.547 
0.516 
0.502 
0.490 
0.480 
0.466 
0.457 
0.441 

0.438 
0.418 
0.414 
0.396 
0.401 

0.379 
0.381 
0.362 
0.364 
0.341 
0.340 
0.315 
0.319 
0.310 
0.320 
0.287 

0.308 
0.268 
0.277 

0.300 
0.250 

0.279 
0.247 
0.253 
0.226 

Pp 

0.0861 
0.0777 
0.0784 

0.0859 
0.0782 
0.0858 
0.0786 
0.0842 
0.0774 

0.0790 
0.0782 
0.0840 
0.0755 
0.0782 
0.0732 

0.0781 
0.0755 
0.0797 

0.0755 
0.0827 
0.0744 
0.0782 
0.0714 
0.0714 

0.0705 
0.0697 
0.0705 
0.0690 
0.0740 
0.0746 
0.0702 

0.0696 
0.0720 
0.0720 



91 

Nucleus 
98Mo 
102Ru 
103Rh 
1 0 6 p d 

1 0 8 p d 

1 0 7 A g 

114Cd 
115In 
116Sn 
118Sn 
120Sn 
121Sb 
i i « T e 

127! 

132Xe 
133Cs 
138Ba 
139La 
140Ce 
1 4 1 p r 

142Nd 
152Sm 
158Gd 
165Ho 
169Tm 
181Ta 
184W 
1 9 5 p t 

197Au 
202Hg 
205rni 

2 0 8 p b 

R 
5.006 
5.087 
5.090 
5.159 
5.212 
5.159 
5.327 
5.327 
5.340 
5.393 
5.440 
5.447 
5.555 
5.555 
5.657 
5.658 
5.751 
5.755 
5.766 
5.771 
5.780 
5.937 
6.021 
6.115 
6.160 
6.318 
6.354 
6.444 
6.536 
6.606 
6.638 
6.670 

an 

0.774 
0.750 
0.746 
0.736 
0.749 
0.737 
0.757 
0.757 
0.736 
0.745 
0.754 
0.749 
0.754 
0.753 
0.761 
0.759 
0.776 
0.768 
0.751 
0.743 
0.726 
0.792 
0.808 
0.803 
0.803 
0.827 
0.836 
0.921 
0.802 
0.817 
0.828 
0.839 

ap 

0.728 
0.718 
0.914 
0.745 
0.722 
0.947 
0.711 
0.873 
0.748 
0.720 
0.698 
0.948 
0.755 
0.915 
0.754 
0.923 
0.759 
0.911 
0.798 
0.996 
0.848 
0.774 
0.781 
0.913 
0.965 
0.935 
0.821 
0.827 
0.947 
0.793 
0.899 
0.805 

Oip 

2.438 
2.488 
2.938 
2.616 
2.566 
3.100 
2.610 
3.019 
2.766 
2.701 
2.647 
3.284 
2.855 
3.292 
2.926 
3.401 
3.012 
d.459 
3.193 
3.785 
3.410 
3.275 
3.370 
3.905 
4.162 
4.244 
3.888 
4.071 
4.559 
4.021 
4.465 
4.142 

ßn 
0.571 
0.568 
0.568 
0.566 
0.567 
0.566 
0.566 
0.566 
0.564 
0.564 
0.565 
0.564 
0.563 
0.563 
0.563 
0.563 
0.563 
0.562 
0.561 
0.560 
0.559 
0.562 
0.563 
0.561 
0.561 
0.561 
0.562 
0.566 
0.558 
0.558 
0.559 
0.559 

ßp 
0.251 
0.242 
0.204 
0.227 
0.231 
0.188 
0.223 
0.188 
0.206 
0.211 
0.216 
0.167 
0.194 
0.162 
0.186 
0.152 
0.176 
0.146 
0.161 
0.126 
0.145 
0.151 
0.142 
0.111 
0.098 
0.091 
0.105 
0.095 
0.075 
0.095 
0.077 
0.088 

Pp 

0.0712 
0.0715 
0.0707 
0.0716 
0.0698 
0.0709 
0.0687 
0.0684 
0.0707 
0.0691 
0.0675 
0.0663 
0.0657 
0.0656 
0.0649 
0.0647 
0.0642 
0.0640 
0.0658 
0.0653 
0.0672 
0.0650 
0.0644 
0.0637 
0.0641 
0.0633 
0.0638 
0.0646 
0.0623 
0.0619 
0.0614 
0.0617 

Table 1: Parameters of the neutron and proton densities of Gambhir and Patii 
calculated with the method described in [3]. 
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Nucleus R 
1 6 0 

1 9 p 

2 3 N a 
2 4 Mg 
2TA1 
2 8Si 
3 1 p 

3 2 s 
3 5 C 1 

4 0 Ar 
3 9 K 

4 0 C a 
4 8 T i 

5 1 y 

5 2 C r 
5 5 M n 
5 6 Fe 
5 9 Co 
5 8 N i 

6 3 C u 
6 4 Zn 
7 4 G e 
8 8 Sr 

2.416 

2.407 

2.564 

2.917 

2.715 

3.031 

2.874 

3.082 

3.115 

3.573 

3.172 

3.424 

3.875 

3.622 

3.866 

3.760 

3.980 

3.924 

3.900 

4.011 

4.147 

4.509 

4.707 

Q-n Pn 

0.575 0.0992 

0.705 0.1136 

0.646 0.1214 

0.560 0.0919 

0.630 0.1237 

0.549 0.0975 

0.649 0.1205 

0.587 0.1042 

0.640 0.1105 

0.724 0.0899 

0.629 0.1177 

0.576 0.0988 

0.667 0.0880 

0.685 0.1126 

0.656 0.0958 

0.712 0.1078 

0.680 0.0939 

0.704 0.1029 

0.652 0.1007 

0.691 0.1037 

0.661 0.0959 

0.713 0.0924 

0.683 0.0988 

IN ucleus 

89 γ 

9 0 Zr 
9 3 Nb 
9 8 Mo 
1 1 4 Cd 
1 1 5 In 
1 1 6 Sn 
1 1 8 Sn 
1 2 0 Sn 
1 2 1 Sb 
1 3 8 Ba 
1 3 9 La 
1 4 2 Nd 
1 5 2 Sm 
1 5 8 G d 
1 6 5 Ho 
1 8 1 Ta 
184\γ 

195p t 

1 9 7Au 
2 0 5 Γ / 

2 0 8 p b 

R 

4.621 

4.718 

4.680 

4.948 

5.324 

5.014 

5.290 

5.367 

5.360 

5.165 

5.594 

5.519 

5.672 

5.956 

6.063 

6.053 

6.431 

6.407 

6.364 

6.215 

6.470 

6.550 

«n Pn 

0.672 0.1044 

0.658 0.0990 

0.766 0.1013 

0.774 0.0935 

0.757 0.0906 

0.757 0.1069 

0.736 0.0928 

0.745 0.0916 

0.754 0.0943 

0.749 0.1047 

0.776 0.0976 

0.768 0.1015 

0.726 0.0952 

0.792 0.0895 

0.808 0.0886 

0.803 0.0929 

0.827 0.0860 

0.836 0.0883 

0.921 0.0936 

0.802 0.1039 

0.828 0.0970 

0.839 0.0950 

Table 2: Parameters of the neutron densities of Gambhir and Patii calculated 

with the method described in [4]. 
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1) of these quantities as function of A using (9) and (10): That is for each 

value of A we choose a particular combination of Ν and Ζ satisfying the 

relation A = N+Z. 

Another possible application of < r 2 > and Κω calculated with ρορ(τ) 

is to express more consistently the probability for recoilless A-production in 

nuclei Ρ(τΐ{: nl) [10] ( see also [11]). In the case in which only the outer shell 

neutrons are considered Ρ is given by the expression : 

P{ni,rii) = Intexp 
2 „2 

(μκ%ωκ + μηΤιωη) V 3 
(14) 

where (2n+/) = η,· , μ^, μη are the reduced masses of the Α-core and neutron-

core systems and Ini is the average overlap integral over all the neutron 

states of the outer shell with the oscillator quantum number nt·. Thus one 

can remove the approximation ϊιωη— Ϊιωρ—Ϊιω^ used in previous publications 

[10,11]. In addition the expressions for the m.s. radius and %ωη might be 

useful to calculate easily the point proton and point neutron form factor at 

low momentum transfer by means of Debye-Waller type expressions ( see 

(2.2) and (2.8) of [12]) avoiding again the above approximation. 

Nucleus 
16Q 

24Mg 
28Si 
3 2 S 

4 0Ca 
56Fe 
5 8 N i 

6 4Zn 
116Sn 
2ü8p b 

SF 

2.60 
3.01 
3.08 
3.28 
3.41 
3.77 
3.77 
4.01 
4.67 
5.37 

GP 

2.74 
3.02 
3.13 
3.34 
3.54 
3.75 
3.85 
3.99 
4.63 
5.57 

"Expt" 

2.62 
2.95 
3.02 
3.15 
3.38 
3.70 
3.67 
3.86 
4.56 
5.45 

HF 

2.69 

3.43 
3.54 
3.58 

4.58 
5.45 

Table 3: Comparison of proton r.m.s. values < r2 > J / 2 of pGp(r) with values 
obtained from various approaches (for details see text). 

A comparison of PSF{T) and PGP(^) can be made by tabulating the cor-
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responding r.m.s radii for various nuclei. In table 3 we show proton rms 
radii < r2 >lJ2 for the density PSF{?) according to ref [2] and for the density 
PGP{T)· In column 4 "experimental" values extracted from [13] are displayed 
and in column 5 the available Hartree-Fock(HF) results from [14] are shown 
as well. An advantage of PGP{T) is that the values predicted for < r2 >p 

compared with experimental values are very accurate throughout the peri­
odic table. 

Neutron rms radii calculated with PGP(?) can be compared with the radii 
for neutron distributions extracted from experimental shifts and widths of 
pionic atoms according to [15]. In column 2 of table 4 we present results 
for < r2 >l/2 obtained in [15] using the phenomenological optical potential 
developed in [16-18] and in column 3 we show the average values of < r2 >l/2 

deduced in [15] from two different potentials widely used in the literature: 

Nucleus 
19p 

23Na 
24Mg 
27A1 
28Si 
3 2 S 

40 Ar 
40Ca 
56Fe 
63Cu 
75 As 
195pt 

19TAu 
208p b 

[15] 

2.73 
2.93 
3.07 
3.17 
3.11 
3.13 
3.63 
3.52 
3.89 
3.96 
4.22 
5.55 
5.64 
5.74 

(mean) 

2.86 
3.00 
3.12 
3.11 
3.21 
3.31 
3.54 
3.52 
3.89 
3.99 
4.20 
5.56 
5.59 
5.69 

HF 

2.96 
2.96 
3.06 
3.09 
3.06 
3.20 
3.52 
3.56 
3.84 
3.99 
4.19 
5.61 
5.61 
5.71 

GP1 
2.97 
3.01 
2.89 
3.10 
2.99 
3.15 
3.59 
3.32 
3.83 
3.97 
4.22 
5.85 
5.73 
5.88 

GP2 

2.75 
2.76 
2.86 
2.83 
2.91 
3.01 
3.56 
3.22 
3.76 
3.80 
4.20 
5.77 
5.49 
5.78 

Table 4: Comparison of neutron-matter r.m.s. values, < r2 >lJ2, obtained using 
PGp{r), according to the method of [3] (GP1) and the method of [4] (GP2), with 
values coming from a study with pionic atoms [15] (second and third columns) 
and with HF results quoted in [15] (for more details see text). 
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The Seki and Masutani potential [19] and the potential of Meirav et al. [20]. 

In column 4 < r2 >lJ2 from Hartee-Fock calculations quoted in [15] are also 

shown, while in columns 5 and 6 we display results using the density ρορ(τ), 

derived first with the method described in [3] (GP1),where pn is fixed equal 

to 0.090/ / m 3 and second with the method of ref. [4] (GP2). It is seen from 

tables 3 and 4 that the values of the r.m.s radii calculated with the simple 

method of Gambhir and Patii compare favorably with the values found in 

other more sophisticated studies. 

ci 
Λ 4 

4 
Ai/3 

Figure 1 A schematic comparison of < r2 >K2 (solid line), < r2 >lJ2 (dotted 

line) and < r2 >lJ2 (dashed line), as functions of A, using equations (10) and 

(11) (see text). 

Another comparison is to calculate the corresponding charge form factors 

in the Born approximation using both densities. The interesting point is that 

the parameters of PSF are calculated by fitting an analytic expression for 

Fch{<\) to the experimental values of Fch(q) coming from electron scattering, 
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while PGPÌS)
 w a s found theoretically using as input the separation energies of 

the last particle and the calculation does not involve any fitting procedure. 
As an example,the charge form factors for 24Mg and 40Ca calculated with 
pop and PSF are shown, together with experimental points, in figures 2 and 
3 respectively. It is seen that the density PGP(Ï) gives a satisfactory Fch{q) 
compared with Fch(q) coming from psF(r)> though in the former calculation 
no fitting to the experimental Fch(q) is involved. 

100 t 

Figures 2,3. The charge form factors of 24Mg and 40Ca using the density 
pGp{r) (solid line) and with the density PSF(*) (dashed line). Experimental 
points and bars are shown as well. 

It is noted that the central depression is not taken into account properly 
by PGP{*)· However this density has a global character and may find use in 
cases where a global method is needed to provide simple analytic expressions 
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for various quantities which also give evidence of the dependence of these 

quantities on A, Ζ and N. This was the case with the applications discussed 

above and also in [3,4] where the authors used < r 2 > derived from PGP(?) 

in order to track the variation of %ω as function of Ν, Ζ and A separately. It 

is also noted that although the results obtained using the density GP may 

not be completely satisfactory,this density has the attractive feature that 

for the determination of its parameters no fitting procedure is required. We 

conclude that the simple expressions for the densities PGP(T)
 m a v find ready 

use in various phenomenological nuclear studies. 
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