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Abstract 

An investigation is carried out in order to study effects, originating 
from fluctuations of the nuclear surface, to the elastic charge form 
factor of light nuclei in which the two-body part of the short range 
correlation factor is also included through a Jastrow-type correlation 
function. It is found that if these effects are taken into account in the 
uncorrected (harmonic oscillator) part of such a form-factor for the 
4He, l60 and 40Ca nuclei, the quality of the fitting is improved. In 
addition, they lead to a drastic change in the asymptotic behaviour of 
the point-proton form factor which now drops off for large values of 
the momentum transfer q quite slowly that is as const. • q~4. 

1 Introduction 

In a series of papers [1, 2, 3] an expression of the elastic charge form factor, 

Fch(q)i truncated at the two body term, was derived using the factor cluster 

expansion of Ristig et al [4, 5]. This expression, which is a sum of one-body 

and two-body terms, depends on the harmonic oscillator (HO) parameter b\ 

and the correlation parameter λ through a Jastrow type correlation function 

which introduces the short range correlations (SRC). The fitting of Fch(q) 

to the experimental data was very good both for low and high values of 

momentum transfer except for the values around the last maximum for 1 6 0 

and 40Ca. Better fitting can be obtained if the parameter λ is taken to be 

state dependent but in this case there is a big number of parameters, six for 
1 6 0 [1] and ten for 40Ca [6]. 

Another possible way to make the agreement between theory and exper­

iment better might be to introduce, in addition, other types of ground state 
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("long range") correlations which have been the subject of previous inves­

tigations by a number of authors (see, for example, [7, 8, 9, 10, 11, 12]). 

We focus our attention, as in ref.[10], on fluctuations of nuclear surface due 

to the zero point motion of collective surface vibrations [13, 14] which can 

affect the ground state charge density. T h e presence of surface fluctuation 

correlations (SFC), introduce another fitting parameter in addition to the 

HO and the SRC parameters. Thus, it appears to be of interest to develope 

the relevant formalism and to investigate what would be the effect of this 

additional parameter to the best fit values of the other parameters and to 

the quality of the fitting. The aim of this workr is to report on results of 

certain investigations in this direction. This paper is a revised and extended 

version of the contribution to the Symposium. 

In section 2, the above SFC are introduced to the HO densities and an­

alytic expressions of the nuclear density, elastic form factor and of the n-th 

moment of the density distribution are given for the nuclei 4 i / e , 1 6 0 and 
40Ca. In section 3 the introduction of the SFC in addition to the SRC is 

studied. Numerical results are repoted and discussed in section 4. 

2 The effect of the collective surface vibra­
tions on the harmonic oscillator density 
and form factor 

Our starting point is the expression for the proton (or charge) density of 

a nucleus which has been deformed through the zero-point motions of the 

collective surface vibrations. This expression, according to ref. [10] (see also 

ref. [7, 8] for a rather similar expression) is the following: 

1 r°° 
Pia(r) = -T==- / Pi{r- ξ) exp 

ν 2 7 Γ ( 7 J—co 

(ξ-so 
i2 

2σ2 
άξ ( i ; 

where pi(r) is the uncorrelated density, SQ is a correction needed to conserve 

the number of particles in the correlated ground state and σ is a measure of 

the effect of the zero point fluctuations. The value of σ is related to β\, the 

deformation parameters for the states of multipolarity λ , with the relation 

σ2 ~ -£ Σ\β\{τ — 0) while the β\ parameters can be determined from the 

values of B(EX) [10, 12]. 

In (1) we consider for p\(r) the HO proton density in which t h e centre of 
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mass correction has been taken into account for nuclei 4He to 40Ca which is: 

„2 2 

where 

Ζ^Ή\ b2 ί=ί bi 

b2\ ( b2 b4 

No = 2τ/ΐ5 + 6 ( 1 - ^ )η1ρ+ 1 0 - 2 0 ^ + lOy 

(2) 

N2 

N4 

è? 
b\ b\\ 

, ο? /8 6Ï 20 6 } , 

bi b\ 
Vid + 

40 6^ _ 40 6| 

3"of " T O ? ^ - Τ ^ - ^ Γ τ Ι ί/id 

= ( g»7id + 3 ^ (3) 

and bi — bi (1 — ~), A is the mass number and όι = \ — the harmonic 
l l ν A J ' V TOW 

oscillator parameter. r/n/ is the occupation probability (0 or 1 in the present 

treatment) of the nl state. It is easily checked that when b\ = 61, that is 

when the centre of mass correction is not taken into account, the coefficients 

in polynomial 2 are reduced to the well known expressions: 
8 4 

No = 2ηΐ8 + 3?72S , N2 = 4ηιρ - 47723 , N4 = -Vu + ψ2Β 

General expressions of similar structure for the density and the form factor 

in the HO model have been given in ref [15]. 

From (1) and (2) an analytic expression of Ρ\σ{χ) can be derived. This is: 

P\e{r) = 
1 1 

Z 7 r 3 / 2 &i\Ai+2<7 2 
exp 

(r - so)'' 

(b\ + 2σ2) k=0 
(4) 

where the coefficients Ck depend on No, N2, N4, σ, So and b\ and are given 
by the following formulae: 

Co = N0 + B2 (b2a2 + 2a4 + b2s0

2) N2 + 

(3 Β2 σ4 + 6 Β3b\ σ2 s0

2 + Β4 b\ s0

4) N4 

d = -2B2b2s0N2-4B4b2s0 (3ΐ2

ισ
2 + 6σ4 + 1230

2) N4 

C2 = B2b2N2 + 6B4bl(b2a2 + 2a4 + blso2) N4 

C3 = -4B4b4s0N4 

C4 = B4b4N4 (5) 
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and Β = \/{b\ + 2σ2) 
By using expression (4) one can find an analytic expression for the nth 

moment of the density. This is the following: 

<rTi>la = 
2σ2 

l!LGXp[-siB}£ckbt(i + f2 

Γ(*±^)Λ(*±±±!;^Β) + 

(k+n+2)/2 

2 so 

2 

BT{ 

2 

ι/Ί(- ô — î ô î ^ (6) 

An approximate expression for < rn >1<r may be derived by truncation 
of the series at the second power for σ and the first power for s0 : 

< rTl >1σ ~ 
267 

Σ^ί 

1 + (Α + η + 2 ) ^ Γ ( 

By taking into account that 

< r° > 1 σ = < r° > 1 = 1 

the approximate expression for the parameter s0 is: 

k + n + 3 
) + 

fc-f η + 4 

5 0 - ~ 
v^F σ2 2iV0 + iV2 + \NA 

4 6i iV0 + iV2 + 2JV4 

(8) 

That expression was used as a first approximation in our calculations. 
More accurate values were obtained by varying SQ until normalization of 
Ρ\σ{τ) was achieved to a good approximation. From expressions (7) and (8) 
and from the known expression of the moments of the HO density one can 
find the approximate expression of the contribution of the SFC, Δ < r 2 >1 ( 7, 
to the mean square radius for nuclei 4He to 40Ca. This is given by the 
following expression: 

Δ < r 2 >1σ ~ — σ' f· 3(iV0 + Z-N2 + jN4) -

(2N0 + N2 + IN4){N0 + 2N2 + 6N4)' 

N0 + N2 + 2N4 
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Finally, for the elastic point proton form factor the well known expression 
in Born approximation 

J
fOO 

P\a{r) 
0 

qr 
(10) 

is used. Substitution of p\a{r) from (4) leads to the following analytic ex­
pression of Fia{q) in terms of the confluent hypergeometric function 

Fla{q) = -^7=y^-1- J2CkIk (11) 
ZV* b\ q fo 

where 

h = 
1 

ß(k+2)/2 

Im 

exp[—θ0

2 Β] χ 

2Γ(^)Λ( 
k + 2 1 2χ t λΤΛ/Ιζ + 3λ _ ζ^/^ + 3 . 3 _ 2 

+ 4 Γ ( ^ ) ζ Λ ΐ 

(12) 

The complex quantity ζ is given by: ζ = \/~BSQ -f iq/(2y/~B) . 
Expression (12) may be reduced to a somehow more convenient form: 

sin(çso) ι , q2 2 

FiM = ««P[-7ô] Σ 4 £ J 

n=0 L 

C2ncos(qs0) + C2n ( q ) 2 n + 

_ ^ - « p [ ^ 5 ] ì / m [ 7 ] (13) 

where 

^ 2 η r ^ C2n+j 
' = Σ -ΞΓΓ(η + 1 ) Λ ( η + 1; - ; ζ 2 ) + 2ζ £ ^ · Γ ( η + 2 ) Λ ( η + 2; -; ζ2) 

η=0 -° Ζ η=0 "
 2 -

(14) 

The coefficients C2n and C2n depend also on iVo, N2i N4i σ, SQ and òj and 
are given by the following expressions: 

C0 = N0 + IN2 + ^-N4 + £(2No + Ar2 + | t f 4 ) 
Z 4 of ^ 

C2 = -iV2 - (5 - 4σ2Β)Ν4 

C4 = b\BN4 

Òo = S!:(2No + N2+IN4) 
b( 2 

C2 = -s0B(2N2 + 67V4) 

C4 = 2sQb\B2N4 (15) 
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It may be easily checked from expression (13) that when the SFC are 
switched off, that is when the limiting case σ —> 0 is considered, expression 
(13) for Fi<j{q) goes over to the well known harmonic oscillator one, as should 
be the case, on the basis of expressions (10) and (1). Furthermore, by using 
the asymptotic expansion of the confluent hypergeometric function, we find 
that the behaviour for F\a{q) at large values of the momentum transfer is 
the following: 

yßZ b\y/B V 2 v ^ Xcl\fB' y2s/B 
(16) 

where 

-44 — —So CQ — —~-j?C\ 

Ae = (-3so + 2Bso3)Co + (3s0
2-^)C1 + '^C2+ -^C3 

4 Ö-D Ι Δ 

,i5s0 3 45 4 W 45«o„ . .-, 
( - ^ - - l S . o ^ + f — - — ) C 3 - — C (10 

Thus, it is seen that for sufficiently large values of q, the form factor tends 
to zero rather slowly, namely as the inverse fourth power of the momentum 
transfer. On the contrary, the HO form factor goes rapidly to zero for large q, 
namely as a Gaussian or as a Gaussian times an even power of q (depending 
on the nucleus). 

The value of q at which the F\a(q) approaches the value given by the 
asymptotic expression (16) does not seem to depend very strongly on the 
nucleus, at least when the values of the parameters b\ and σ are determined in 
the way described in the following two sections. In Fig. 1 the F\a(q) has been 
plotted for the l60 nucleus, using the values b\ = 1.647/ra and σ — 0.224 j'm 
(see section 4), together with its asymptotic behaviour const. • q~A and the 
improved asymptotic expression (16), respectively. It is seen that Ficr{q) 
becomes close to the asymptotic behaviour const. · q~4 at quite large values 
of the momentum transfer ( larger than 10/m - 1 ) while the corresponding 
values of q pertaining expression (16) are quite smaller. 

There are two parameters in expression (13), the HO parameter bi and the 
SFC parameter σ which can be determined from the deformation parameters 
ßx associated with the low lying collective states of the nucleus or it can 
be treated for example as a free parameter. In the latter case, the fitting 



32 

of the form factor (13) ( after correcting it for the finite proton size [1]) to 
the experimental data (refs. [16, 17] for 4 # e , [18] for 160 and [19] for 40Ca ) 
leads to zero value for the parameter σ except for AHe. For 4He, σ is different 
from zero (σ = 0.706/m and όχ = 1.252/m) and the value of χ2 is smaller 
compared to the one obtained with the HO model. However the diffraction 
minimum is not reproduced. Because of these reasons the introduction of 
short range correlations is advisable. This is done in the next section. 

3 The effect of the surface fluctuation and 
short range correlations on the charge form 
factor and density 

A general expression for the charge form factor Fck(q) of light closed shell 
nuclei was derived [1, 3] using the factor cluster expansion of Ristig, Ter 
Low and Clark [4, 5]. This formula was subsequently simplified [1] by us­
ing normalized correlated wave functions of the relative motion which were 
parametrized through a Jastrow type wave function of the form: 

Φηΐ5(τ) = Nnls[l - exp(-\r2/b2)]cj>nl(r) (IS) 

where Nnis are the normalisation factors, φηι{τ) the harmonic oscillator wave 
functions and b — \/2&i is the HO parameter for the relative motion. The 
expression for F(q) is of the form 

F(q) = F^q) + F2(q) (19) 

Fi(q) is the contribution of the one-body term to F(q): 

*!(,) = iexphClt^M^)" (20) 

where 

Νο = 2{η1, + η2Λ + 3η1ρ + 5η1ι1) , N2 = - | ( 2 T 7 2 S + 3η1ρ + 1 0 ^ ) 
(21) 

iV4= Ι(4η23+Ζηιά) 

while F2(q) is the contribution of the two-body term to F(q) and is a function 
of q2 through the matrix elements 

^nlSS'Uk) = < 0n/s|jfc(W2)|0n'/'S' > 
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It consists of simple polynomials and exponential functions of q2. 

The point proton density can be obtained from (19) by Fourier trans­

forming F(q). The density is separated out again into two parts: 

p(r) = Pi(r) + p2(r) (22) 

Pi(r) and P2{r) are the Fourier transforms of F\(q) and F2(q), respectively. 

pi{r) is given by expression (2) (with b\ — όχ) while P2(r) is calculated 

numerically because of the complexity of ^ ( ί ) mainly for 40Ca. 

The correlation parameter Λ and the HO parameter b\ were determined 

by fitting Fch(q) = fp(ç)fcM{<l)F(q) to the experimental charge form factor. 

fp(q), fc\r(ç) a r e the corrections due to the finite proton size and the centre 

of mass motion [1], respectively. 

As it was pointed out in the introduction, a possible way of improving the 

quality of the fitting in the approach outlined previously, should be to take 

into account the correlations originating from the fluctuation of the nuclear 

surface. For the sake of simplicity these SFC are introduced only in the one 

body density, pi{r), of equation (22) assuming that the effect of SFC to the 

two-body term of the density is small. This is also nessecary in order to avoid 

successive numerical integrations by Fourier transforming. These successive 

integrations apart from introducing inaccuracies for large values of q, because 

of the factor 5HL2I? need much computing t ime. 

According to the above assumption, expression (22) becomes: 

Ptot(r) = pu{r) + p2(r) (23) 

where ρ\σ is qiven analytically (expression 4) while pi{r) is the Fourier trans­

form of the two-body term i7^*?) corrected for the centre of mass motion: 

Fiiq) — ICM · F2(q), where (/CM is the Tassie and Barker factor [20]) and 

can be found either analytically or numerically. 

The form factor is of the form 

Ftot(q) = Fla(q) + F2(q) (24) 

where F\0(q) is given by (13) and F2(q) is qiven in refs [1, 2, 3]. 

This expression of the form factor depends now on the three parameters , 

bi , A and σ which can be determined by fitting Fch(q) — fp{q)Ftot(q) to the 

experimental Fch(q). 
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4 Numerical results and discussion 

The best fit values of the three parameters in the form factor, as well as the 
values of χ 2 , for the nuclei 4He, 1 6 0 and 40Ca are displayed in table 1 where 
three cases are considered. In case 1 there are no correlations of any kind 
while in case 2 the SRC are included. These two cases have been studied 
in previous works [1, 2, 3]. Finally, in case 3, both the SFC and SRC are 
included. 

Table 1: The values of the HO parameter b\, the SRC parameters λ, and 

(òJ/A)1/2 , the parameter σ, the χ2 and the RMS radius and the effects to 

it from the HO density and the various correlations for nuclei 4He, 1 6 0 and 
40Ca (distances in fm ). For the various cases see text. 

a: [21], b: [18], c: [19] 

Case 

1 
2 
3 

1 
2 

3 

1 
2 
3 

Nucleus 

*He 
*Ht 
*He 

19 Q 

1 6 0 

1 6 0 

40 c a 
4 0 C o 

*°Ca 

bi 

1.465 
1.216 
1.0S9 

1.786 

1.679 
1.647 

1.950 
1.860 
1.814 

λ 

5.982 
8.093 

12.768 

11.440 

13.915 
11.786 

yftji 

0.497 
0.3S3 

0.470 

0.487 

0.499 
0.529 

σ 

0.558 

0.224 

0.364 

x2 

S7S 
155 
100 

9013 
6226 

6005 

26847 
19930 
19634 

t o t a l 

1.726 
1.579 
1.622 

2.728 

2.659 

2.652 

3.439 
3.420 
3.422 

< Ì h 

HO 

1.726 
1.492 
1.377 

2.728 
2.577 

2.532 

3.439 
3.289 
3.212 

> l / 2 

SRC 

0.516 
0.383 

0.654 
0.695 

0.936 
1.036 

SFC 

0.766 

0.372 

0.565 

Exper . 

1.630a 

2.728 0 

3.482 c 

The value σ — 0.364/m for 40Ca may be compared with the value σ = 
0.638/m which is given in [11]. It is seen that the above analysis underesti­
mates the value of σ. We observe also that for 1 6 0 and 40Ca (see table 1), 
the introduction of the SFC and the SRC decreases the values of parameters 
bi and λ while the value of (δ 2 /λ) 1 / 2 (which is the real correlation parameter, 
since small values of (δ 2 /λ) 1 / 2 imply values of the correlation factors closer to 
unity) is increased. 

For the three nuclei we have considered the introduction of the SFC has 

the effect of improving the fitting of Fch{q) to the experimental data. This 

can be seen also in figures 2, 3 and 4 where the Fch{q) and the corresponding 

densities for 4He, l60 and 40Ca have been plotted with the best fit values of 

the parameters and compared with the experimental Fch(q) and pch(r)· 
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Finally in figures 2, 3 and 4 the contribution in the charge density coming 
from SRC and SFC are shown. From these figures it can be seen that the 
contribution to the density of Δ/?1 < Τ(Γ) = p\ff(r) — p\(r) is quite small and is 
characterized by oscillations. Furthermore, it is seen that the charge densities 
with SFC (case 3) are closer to the "experimental" ones. 

In summary, the present analysis suggests that the inclusion of the corre­
lations originating from the fluctuations of the nuclear surface in the uncorre­
c t e d (harmonic oscillator) part of the usual cluster expansion (truncated at 
the second term) of the charge form factor of light nuclei leads to improve­
ment in the quality of the fitting to the experimental data. Furthermore, 
the inclusion of these correlations has a drastic effect on the asymptotic be­
haviour of the point proton form factor, which now drops off for large q quite 
slowly, that is as const. · q~4. 

0.0 ' 2.0 ' 4.0 ' 6.0 ' 8.0 ' lo'.O 

qifm-1) 

Fig. 1. The elastic point form factor in the HO model with SFC: F1<r(q) 
for 160 with 61 = lM7fm and σ = 0.224/m (solid line) and its asymptotic 
behaviour const.q~4 (dashed line) together with the values of the asymptotic 
expression (16) (dashed dot line). 
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Case 1 
Case 2 
Case 3 

qifm'1) 

0.14 

7 S o-io 
CD 

α 0.06 Η 

0.02 Η 

0 
-0.02 Η 

-0.06 Η 

-0.10 J 

He 
Case 1 

χ\\ C a s e 2 
Case 3 

2.0 , . ^3.0 
/ χ r ( f m ) 

Fig. 2. The charge form factor (2a) and density distribution (2b) of 4He 
(for various cases see text). The experimental points of the form factor are 
from refs. [16, 17]. 



J / 

16, 

* 10 S 
fa 

Case 1 
Case 2 
Case 3 

qifm"1) 

0.08 -, 

£ 0.06 -
CD 

ο 

0.04 η 

0.02 -

0.00 

Case 1 
Case 2 
Case 3 
Exp 

Fig. 3. The charge form factor (3a) and density distribution (3b) of 1 6 0 
(for various cases see text). The experimental points of the form factor are 
from ref. [18], while for the density from refs. [22, 23]. 
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fe 10 

— Case 1 
— Case 2 

Case 3 

qifm"1)· 

0.10 -

0.05 -

- 0 .00 

Case 1 
Case 2 
Case 3 

• · · · Exp 

•0.05 J 

Fig. 4. The charge form factor (4a) and density distribution (4b) of 
40Ca (for various cases see text). The experimental points of the form factor 
are from ref. [19], while for the density from refs. [22, 23]. 
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