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SYMMETRIES IN ODD-MASS NUCLEIL

P. VAN ISACKER
SERC Daresbury Laboratory, Daresbury

Warrington. "WVA4 4AD, England

Abstract: A general review is given of applications of algebraic techniques
to odd-mass nuclei in the framework of the interacting boson-fermion model.
The discussion focuses on the symmetry aspect of the model: the concepts of
symmetry and dynamical symmetry are illustrated by way of elementary ex-
amples. The unified treatment of even—even and odd-mass nuclei (supersym-
metry) is introduced by inspecting the action of ‘super’generators creating a
boson and annihilating a fermion (or vice versa). These ideas are illustrated
with some examples. The talk is concludes with a brief summary.

1. Introduction

The interacting boson model has emerged in the last fifteen years as a
unified framework for the description of collective properties of nuclei. The
key ingredients of this model are its algebraic structure based on the powerful
methods of group theory, the possibility it gives to perform calculations in
all but few nuclei and its direct connection with the shell model that allows
one to denve its properties from microscopic interactions. A vast litera-
ture exists discussing the results and implications of the interacting boson
model. It consists of numerous articles and several review papers, and also
two monographs [1,2] have been written on the subject.

The interacting boson model deals with nuclei with an even number of
protons and neutrons. However, more than half of the nuclear species have
an odd number of protons and/or neutrons. In these nuclei there is an in-
terplay between collective (bosonic) and single-particle (fermionic) degrees
of freedom. The interacting boson model was extended to cover these sit-
uations by introducing the interacting boson-fermion model [3] which was
subsequently expanded by Jachello and Scholten [4] and cast into a form more
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readily amenable to calculations.

No attempt is made here to present a comprehensive review of the inter-
acting boson-fermion model. Rather, it is my intention to analyze the model
from one specific viewpoint, namely its algebraic structure. Other aspects—
such as its geometric interpretation (i.e., connection with the Nilsson model)
or its microscopic structure (connection with the shell model)—are not dis-
cussed at all or only peripherally mentioned. The reader interested in further
details may find these in (5]. '

I shall start the discussion with a brief outline of the essential idea of the
interacting boson-fermion model.

2. The interacting boson—fermion model

In the interacting boson-fermion model the collective degrees of freedom
are described by bosons operators. To lowest order of approximation only
bosons with angular momentum and parity J* = 0% and 2% are retained (s-
and d-bosons). The corresponding creation and annihilation operators are
written as

Im)

bt blm; [= 0y2) -l <m< L (1)
and satisfy the commutation relations '
(Bims bfms] = urbmmts  [Bimy Bims] = (b Blrms] = 0 (2)

In addition to collective degrees of freedom one wants to describe single-
particle degrees of freedom. In nuclei the single particles are neutrons and
protons. These are fermions. The angular momentum of these particles
depends on the allowed orbits and it is denoted by j with z-component m.
The parity can be either positive or negative. An interacting boson-fermion
model is specified by the number and the values of angular momenta retained.
In treating the single-particle degrees of freedom, it is also convenient to use
the formalism of second quantization and introduce the fermion creation and
annihilation operators

al,, aimy m=+1 3. %5 (3)

Jm

These operators satisfy anticommutation relations

{a,-,,.,a.;-,m,} = 51'5: mm/, {aj,,., a.,-:m:} = {a.;-,,,, G}:m,} = 0 (4)
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Finally, it is assumed that boson and fermion operators commute
t f t —
bl""’aJ m’] - blnn Jm‘J = [blm)a.l ""’] - [blm)a'j’m’] =0 (5)

This is a natural assumption if bosons and fermions are elementary parti-
cles. In nuclei, where bosons are composite particles (fermion pairs), it is a
model assumption. Effects of the compositeness of the bosons are introduced
through additional interactions.

All operators that correspond to physical observables must now be written
in terms of the boson and fermion operators introduced so far. I illustrate
the procedure with the example of the hamiltonian operator; it contains a
boson part Hg, a fermion part Hr and a boson-fermion interaction Var,

ﬁ=HB+HF+VBF (6)

It is assumed that the hamiltonian conserves separately the number of bosons,
Ng, and the number of fermions, Np. The structure of the various parts of
the hamiltonian operator then reduces to

[:IB = Ey+ Z av2l + l[blrxl-)[]((]o)
4

L ¥ = 0
+ ) %ufl,ﬁ.),,,,[[b{ x b | (F2) ¢ (B x by} E2)1S) 4
LB A

Hp = So—zn,-\mj-i-l[a;x&j]ff)
i

+ Z ’U(LP) ,.,[[a X af ](L’) X [a 10 X a. m (L')](O)

33'3"3
Lp.jj’j"j"'
Vor = — 3 w27 + 16 xal]D x[Byxas NP+ (7)
Tty

)3 L J
where ¢, uf,.ﬁ%m, Nj, v 51 :) wjm and w,J,? ., are parameters of the model. Note

that the expressions (7) are expansions of which only the first few terms are
given. The coupling to zero angular momentum of the various terms in (7)
ensures that the model is rotationally invariant and that the hamiltoman has
eigenstates with good angular momentum.

The calculational procedure now appears straightforward. It consists of
diagonalizing the hamiltonian (7) in a basis with N bosons b (N is the
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number of nucleon pairs in the valence shell) and a single fermion ag-m. This
produces an eigenspectrum corresponding to an odd-mass nucleus. The re-
sulting eigenvectors can then be used to compute further properties of this
nucleus (e.g., electromagnetic transition rates). The approach followed in the
interacting boson—fermion model is very much like the standard particle-core
coupling models [6] but with the core described in terms of a set of interact-
ing bosons. The analysis in the interacting boson-fermion model is, however,
considerably simplified because of its algebraic structure and the presence of
(dynamical) symmetries. Before turning to that topic, I will make a few
remarks about symmetries and dynamical symmetries in general.

3. Symmetries and dynamical symmetries

[ begin with some elementary considerations related to symmetry, mainly
to introduce the notation used in this section. For applications in low-energy
nuclear physics the idea of symmetry is most conveniently introduced via a
hamiltonian formalism. A hamiltonian H, invariant under a set of (infinites-
imal) transformations g; which together form a Lie algebra G, i.e.

[H,5]=0 forgie G : (8)

is said to have a symmetry G or, alternatively, to be invariant under G.
A well-known consequence of a symmetry is the occurrence of degeneracies
in the eigenspectrum of H. Given an eigenstate 3 of H with energy E,
the condition (8) implies that the states g3 have the same energy. This
enables one to write an arbitrary eigenstate of H as |T'y), where the first
quantum number T is different for states with different energies and the
second quantum number v is needed to distinguish degenerate eigenstates.
The energy eigenvalues of a hamiltonian satisfying (8) thus depend only on
I‘)

H|Ty) = E(T)|Ty) (9)

and, furthermore, the transformations §; do not admix states with different

r:
4dCx) = S aiF i) (10)
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In the language of group theory the transformation coefficients a.f,‘.l;,,
considered as matrices in the indices ¥ and 4, provide a (matrix) represen-
tation of the elements §; in the vector space spanned by the states |{I'y). The
representation obviously depends on I' and is denoted as [[']. Another in-
gredient borrowed from group theory concerns the construction of operators
like & in (8) that commute with all elements of G. Such operators are called
Casimir operators and are denoted here as C,[G|, the index n referring to
the order of the operator in the §;. The enumeration of independent Casimir
operators associated with a given algebra G and the derivation of expressions
for their eigenvalues E,(T),

Ca[G]IT) = Ea(T)|T) (11)

when

is a well-studied problem, the solution of which can be found in many mono-
graphs on group theory (see, e.g., [7,8]).

Next [ introduce the concept of dynamical symmetry,! for which one needs
(at least) two algebras G, and G, with G; D G,. First the condition of G,
symmetry is imposed on the hamiltonian A and, as before, its eigenstates can
be labelled as |I';v,). But, since G; O G3, a hamiltonian with G, symmetry
necessarily must also have a symmetry G, and, consequently, its eigenstates
can also be labelled as |I';v;). Combination of the two properties leads to
the eigenequation

HT:Tym) = E(T1)|TiTama) (12)

where the role of v, is played by I';7, and hence the eigenvalues depend only
on I';.? The meaning of the labels used in (12) is further illustrated with
the transformation properties of the states |[',I';-y;) under the action of an
element belonging to G; or Gj:

HTTem) = 3 e Tilyyy)  fordi € Gh

Tav2. Iy
fm
I | —_ i,l‘; 1 a
GIhIam) = 3 a2 Tiley)  forgi € Ga (13)
7

! follow the nomenclature and conventions adopted in the interacting boson model.

2In (12) I have excluded the possibility that the same representation (I';] occurs more
than once in [I';), in which case one would need an additional quantum number a to
uniquely label the states as |I'yal';y2). For the purpose of illustrating the concept of
dynamical symmetry, however, one may ignore this technical complication.
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In many applications the condition of G; symmetry is found to be too strong
and must be relaxed. A possible breaking of the G; symmetry occurs via the
hamiltonian

H' = aCn [Gy] + bCny[G] (14)

The essential idea is to take a combination of Casimir operators of G; and
G,. Let us now look at the symmetry properties of the hamiltonian H'. Since
[H’ gi] = 0 for g; € G, H'is invariant under G,. However, the hamiltonian
H' in general does not commute with all elements of G; and for this reason
the Gy symmetry is broken, the extent of the symmetry breaking depending
on theratio b/a. Furthermore, since H' is written as a combination of Casimir
operators of G; and G,, its eigenvalues are obtained in closed form:

(a Cn (Gh] + an,IGz})lrxrz’n) = (aE,,l (T) + bEnz(Fz)) ITaT272). (18)

Thus we conclude that, although H' is not invariant under G, its eigenstates
are the same as those of H in (12). The hamiltonian H' is said to have
G, as a dynamical symmetry. The essential feature is that, although the
eigenvalues of H depend on I'; and I'; (and hence G, is not a symmetry),
the eigenstates do not change during the breaking of the Gy symmetry: the
dynamical symmetry breaking splits but does not admix the eigenstates.
These ideas can be illustrated with some well-known examples. The first
is taken from nuclear physics and concerns isospin multiplets of nuclei [9].
To describe a system of interacting neutrons and protons we might, in first
approximation, assume the hamiltonian to be isospin invariant, since that is
a symmetry property which we believe to be valid for the strong interaction.
In the notation introduced above, G, in this example is the isospin algebra
SUt(2), consisting of the operators T,, T. and T, and G, should be iden-
tified with Op(2) = {T.}, the projection operator on the z-axis in isospin
space. An isospin-invariant hamiltonian commutes with T, 7, and T_, and
hence the eigenstates [T My) with fixed T and My = ~T,-T+1,...,+T are
degenerate in energy. (Compare with (9) by making the substitutions I' — T
and ¥ — Mry.) Unlike the strong interaction the electromagnetic interaction
is not isospin invariant and will lift the degeneracy of the states |TMry). We
assume that this symmetry breaking occurs dynamically and, furthermore,
it can be shown that, since the Coulomb force has a two-body character, the
breaking term is at most quadratic in T, [10]. Under these two restrictions



88

the energies of corresponding nuclear states belonging to the same isospin
multiplet are given by

E(Mr) = a + bMy + cM? (16)

Two conclusions are obtained from these considerations. First, because the
electromagnetic symmetry breaking is assumed to occur in a dynamical man-
ner, eigenstates of the nuclear hamiltonian have good T and Mr. Second,
the two-body character of the Coulomb force leads to the expansion (16) for
the energies of corresponding nuclear states with the same T. This formula
can be tested for a T = 3/2 multiplet consisting of isobaric analog states
in B, 13C, ®N and 0. In figure 1 are shown the binding energies of the
nuclei *B and !0, both of which have T = |Mg| = 3/2 in their ground
state. The isobaric analog states in. '*C and 3N are J™ = 3/2~ states at
excitation energies of 15.11 and 15.07 MeV, respectively; these energies are
substracted from the binding energies of !3C and 3N to give the energies
plotted in figure 1. In this example the energy splitting due to the Coulomb
force clearly is well accounted for by the energy formula (16), which is per-
haps not surprising since four data points are fitted with three parameters.
However, it should be emphasized that the quality of fits such as in figure 1
is not the most important aspect of dynamical symmetries, but rather the
existence of good quantum numbers (T and My in this case).

The next example is taken from particle physics and concerns the classi-
fication of ‘elementary’ particles into SU(3) multiplets [11]. In this case the
relevant symmetry algebras and their associated quantum numbers are

SUB3) > Uy(1) ® (SUrx(2) > 0x(2))

l l l 4 (17)
(’\)F') Y T Mr

where T and My are the isospin and its projection on the z-axis and Y is the
hypercharge. Instead of the notation (A, ), which I follow here [12], SU(3)
representations often are denoted by their dimension, that is, the number of
independent basis vectors in the representation (= the number of particles
in the corresponding SU(3) multiplet). If one assumes SU(3) invariance, all
particles belonging to one multiplet are predicted to have the same mass.
Since the observed masses differ by hundreds of MeV, clearly some SU(3)-
symmetry breaking terms must be introduced. However, SU(3) can be broken
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Figure 1: Binding energies of the T = 3/2 isobaric analog states with J* = 1/2~
in 3B, '3C, 3N and '30. The column on the left is obtained for an exact SUr(2)
symmetry, which predicts states with different My to be degenerate. The middle
column is obtained in the case of an SUp(2) dynamical symmetry, equation (16)
with @ = 80.59, b = —2.96 and ¢ = —0.26, in units of MeV.

while maintaining good quantum numbers Y, T and Mrt, that is, it can be
broken dynamically. Allowing only up to quadratic terms, a mass operator
is found of the form

M = a+bC[Uy(1)] + cCy[Uy(1)]
+dCy[SUZ(2)] + eCi[02(2)] + £ Ca{O2(2)] (18)
with the eigenvalues
M(Y,T,Mr)=a+bY +c¥? +dT(T + 1) + eMr + fM3 (19)

Due to the electromagnetic interaction, M is not scalar in isospin, but con-
tains also isospin vector and tensor terms (two last terms in (18)), for the
reasons [ have referred to in the previous example. Similarly, one assumes
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Figure 2: The mass spectrum of the SU(3) octuplet (A, u) = (1,1). The column
on the left is obtained for an exact SU(3) symmetry, which predicts all masses to
be the same, while the next two columns represent successive breakings of this
symmetry in a dynamical manner. The column under Or(2) is obtained with
equation (20) with @ = 1111.3, b = -189.6, ¢ = —39.9,d = -3.8 and f = 0.9, in
units of MeV.

the strong interaction to have a certain tensor character under SU(3) and
this leads to a relation between the coefficients ¢ and d in (19), resulting in
the SU(3) mass-splitting formula {13,14]

M'(Y,T,Mr) =a+bY +d(T(T +1) - 1Y?) + eMr + fME  (20)

The process of successive symmetry breakings is illustrated in figure 2 with
the example of the SU(3) octuplet (A,x) = (1,1), containing the neutron,
the proton and the A, £ and = baryons.

We are now in a position to discuss one more concept frequently used in
algebraic models, namely the one of a dynamical algebra, a single representa-
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tion of which contains all states of the physical system under consideration.
The idea is perhaps best understood with the help of the examples given
above. For isobaric analog states in nuclei the dynamical algebra is SUr(2),
since in that case we establish a relation between nuclear states contained
in a single representation of SUt(2). The dynamical algebra in the particle
physics example is SU(3), since all the particles which are simultaneously
described belong to one (A, p) representation ((1,1) for the octuplet, (3,0) for
the decuplet, etc.). A persistent theme in physics has been the search for
larger dynamical algebras resulting in a more unified description of physical
phenomena. This trend can be illustrated with figure 2. The near-equality of
the masses of the neutron and the proton suggested the existence of isospin
multiplets, later confirmed at higher energies for other ‘elementary’ particles.
To establish, in turn, a relation between several of those multiplets, a larger
dynamical algebra was needed, SU(3), which contains the isospin algebra
SUr(2) as a subalgebra. This unification process did not stop with SU(3):
to connect the different observed (A, x) multiplets, still larger dynamical al-
gebras have been proposed (SU(4),...). However, typically the symmetry
associated with a larger dynamical algebra will be more strongly broken.

In the next two sections I shall discuss the application of these ideas to the
interacting boson-fermion model. There also one observes the gradual intro-
duction of larger dynamical algebras and the trend towards a simultaneous
description of larger systems.

4. Dynamical symmetries in odd-mass nuclei

Let me first recall how to characterize the interacting boson model for
even—even nuclei from the perspective of symmetries. Unitary transforma-
tions among the six components occurring in the model (s! and J"‘,p —
0, +1, £2) generate U(6). This algebra thus plays the role of dynamical alge-
bra since all low-lying collective states of an even—even nucleus are described
within a single (symmetric) representation [N] of U(6), where N is the num-
ber of bosons. Imposing a U(6) symmetry for the description of such states
would constitute a poor approximation since they would be predicted de-
generate in energy. However, analogous to the examples given in section
3, the U(6) symmetry can be broken in a dynamical manner. It has been
shown by Arima and Iachello [15,16,17] that three different types of dynam-
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ical symmetries occur in the interacting bosom model, associated with the
three reduction schemes

U(5) > O(5)

U(6) o { SU(3) } 5 0(3) (21)
0(6) > O(5)

where O(3) is the angular momentum algebra. Thus a situation arises where
the original U(6) symmetry can be broken dynamically in three different ways
each corresponding to a certain type of spectrum-generating hamiltonian.
The process of symmetry breaking is analogous to that in the examples of
section 3 and is illustrated in figure 3 with the O(6) limit of the interacting
boson model: the various Casimir operators associated with O(6), O(5) and
O(3) Lift the original U(6) degeneracy to produce an energy spectrum close
to that of '%Pt. The breaking of symmetry occurs without admixing the
wave functions and hence the labels associated with the different algebras in
the third chain remain good quantum numbers. U(6) (as well as O(6) and
0O(5)) ceases to be a symmetry; only O(3) remains a true symmetry of the
hamiltonian, reflecting its rotational invariance.

If one omits technical details, the algebraic treatment of odd-mass nuclei
in the context of the interacting boson-fermion model can be explained in
a completely analogous fashion. First we identify the dynamical algebra of
the model: for the bosons this algebra remains U(6), commonly denoted as
UB(6) to stress its boson character. The fermion algebra is UF(Q2) where Q
is the degeneracy of the orbits available to the fermion (e.g., § = 4 for a
7 = 3/2 orbit or @ =12 for j = 1/2,3/2,5/2). Since boson and fermion
generators commute, the total dynamical algebra of an odd-mass nucleus is
UB(6) ® UF(Q). Next degeneracy breaking terms are introduced by consider-
ing Casimir operators of subalgebras of the dynamical algebra. An exampleis
shown in figure 4 in the case of UB(6)® UF(12), which applies to odd-neutron
Pt isotopes. As in the application to even-even nuclei, also here a gradual
breaking of the original symmetry produces an energy spectrum close to that
of '9*Pt. Note the complexity of the final spectrum (as compared to previous
examples) and the fact that a one-to-one correspondence between theory and
experiment can be established. This correspondence is further confirmed by
a study of E2 transition properties and nucleon transfer data [5].
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Figure 3: The observed energy spectrum of !9*Pt compared with a symmetry
calculation in the O(6) limit of the interacting boson model. The original U(6)
symmetry (left-hand side) of the hamiltonian is broken dynamically by including
Casimir operators of O(6), O(5) and O(3). The labels associated with the various
algebras are shown at the bottom.

5. Supersymmetries

We saw in the previous section how even-even nuclei in the interacting
boson model and odd-mass nuclei in the interacting boson-fermion model can
be treated in a unified framework using simple symmetry ideas. Schemat-
ically, states in such nuclei are described in terms of the following set of

generators:
bb
(™ ) (2

where subscripts are omitted for simplicity. Even—even nuclei are described
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in terms of the operators in the upper left-hand corner of (22) while odd-
mass nuclei require both sets of generators. It is clear, however, that the
operators (22) provide a separate description of even—even and odd-mass
nuclei: although the treatment is similar in both cases, none of the operators
(22) connects even—even and odd-mass states.

In 1981 [achello [18] proposed an extension of the algebraic structure (22)
by considering in addition operators that transform a boson into a fermion

or vice versa: ' f
( bty bla ) (23)

ald ata

This set does not any longer form a classical Lie algebra which is defined en-
tirely in terms of commutation relations. Instead, to define a closed algebraic
structure, one needs to introduce an internal operation that corresponds to
a mixture of commutation and anticommutation and the resulting algebra
has been named a graded or superalgebra, denoted by U(n/m) where n and
m are the dimensions of the boson and fermion parts.

To understand the purpose of introducing the supersymmetric generators
a'b or bfa it is best to inspect their action on an even—even nucleus, say %Pt
in the context of the UB(6) ® UF(12) model discussed in section 4. We find

afb 17984Ptng e & tlt 17986Pt113 ey 179:Ptu7 - (24)

where bosons and fermions are assumed to have a neutron-hole character.
Thus we find that the supersymmetric generators induce a connection be-
tween even—even and odd-mass nuclei; a description with U(6/Q2) as a dy-
namical (super)algebra will automatically lead to a simultaneous treatment
of such pairs of nuclei. This idea is illustrated schematically in figure 5 for
the case of the Pt isotopes in U(6/12). A U(6/12) symmetry would predict

Figure 4: The observed spectrum of negative-parity states in !**Pt compared
with a symmetry calculation in the O(6) limit of UB(6) ® U?(12). The origi-
nal UB(6) ® UF(12) symmetry (left-hand side) is broken dynamically by including
Casimir operators of its subalgebras. The labels associated with the various al-
gebras are shown at the bottom; the Spin(3) label J is shown under ‘Expt’. The
left-hand scale applies to the three left-most columns and the right-hand scale to
all others. The spectrum under O?(6) is expanded and rescaled in the fourth
column.
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Figure 5: Schematic illustration of part of a U(6/12) supermultiplet in the Pt
region. The supermultiplet is characterized by a supersymmetric representation
with A = Ng + Np = 7. A breaking of the U(6/12) symmetry in a dynamical
manner leads to a splitting in the binding energies of the different nuclei.

all states belonging to the supermultiplet degenerate in energy; this degen-
eracy is first lifted by including UB(6) ® UF(12) invariants which correspond
to nuclear binding energy terms. The analysis then proceeds as in section 4
with the inclusion of Casimir invariants of the lower algebras, as schemaii-
cally indicated in figure 5. Thus supersymmetry introduces two additional
ideas as compared to those already developed in the previous section: (i)
It enables the analysis of binding energies. In view of the large number of
parameters entering the model, a phenomenological study, however, is often
difficult. (ii) It establishes a connection between the even-even and odd-mass
nuclei belonging to the same supermultiplet. In practical terms it means that
their spectra are calculated with the same hamiltonian, their electromagnetic
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transition properties with the same operator, etc. Several examples of su-
permultiplets of nuclei have been found; an overview is given in [5].

6. Conclusion

In this talk [ have examined the interacting boson-fermion model from
a specific viewpoint, namely its algebraic structure. The main message that
I have tried to convey here is that a group-theoretical description of nuclei
facilitates their unified treatment. This conclusion not only applies to nuclei
but to many other physical systems as I have illustrated with some simple
examples. In the interacting boson model the most striking example of this
approach is the idea of supersymmetry: introducing a dynamical superalge-
bra naturally leads to a simultaneous description of even—even and odd-mass
nuclen.
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