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Equivalent Local Potentials for the coupled channel s y s t e m 
and the optical potential 

C.Daskaloyannis 
Theoretical Physics Department 

University of Thessaloniki 
54006 Thessaloniki GREECE 

Abstract: The explicit formulae of the equivalent local potentials for a coupled chan­
nel problem are calculated. We prove that the equivalent local potential of the coupled 
channel system coincides with the equivalent local potential of the Feshbach optical po­
tential. 

1. Introduction 

There are different methods of constructing an Equivalent Local Potential (ELP), which 
is equivalent to the single channel Schrödinger equation with non-local interactions. One 
method, for the single channel Schrödinger eqiiation, was proposed by Fiedeldey [1]. In 
this method, each pair of independent solutions of the single channel problem corresponds 
to an equivalent local potential. The solutions of the Schrödinger equation with the ELP 
are wave proportional to the solutions of the original equation with non-local potentials. 
The Fiedeldey method was used with success in the nucleon-nucleon problems[2], in the 
aa interaction [3], and also in the case of the quark cluster interpretation of the NN 
interaction[4]. 

The WKB method for the single channel equation with a non-local potential was 
introduced by H.Horiuchi [5]. In this method the non local potential is replaced by a local 
one, using the Wigner transform of the non-local operators. If the approximate equivalent 
local potential is treated by the WKB method, its WKB solutions are wave proportional to 
the WKB solutions of the original problem with the non-local potential. This method was 
successfully used for the quark structure investigations of the NN interaction [6] The WKB 
treatment of the coupled channel equation with non-local potentials was introduced by 
Yabana and Horiuchi[7]. The WKB method of constructing the single channel equivalent 
potential was generalised for the coupled channel Schrödinger equation by Yabana and 
Horiuchi [8]. In this method, the WKB solutions of the coupled channel problem with 
non-local potentials are wave proportional to the WKB solutions of the equivalent system 
with local potentials. In these papers the WKB-equivalent coupled channel problem is 
constructed with local potentials which are linearly dependent on the momentum, if the 
non-local potentials are not symmetric. 

Mackellar and Coz [9] proposed also a generalisation of the Fiedeldey method for the 
coupled channel problem. 
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In part 2 of this paper we study the Fiedeldey-Mackellar-Coz method and we give 
explicit expressions for the ELP in the elastic channel. In part 3 we study the properties of 
the coupled channel system and we examine the relation between the Fiedeldey-Mackellar-
Coz procedure and the Feshbach optical potential.We prove that the ELP constructed 
by the Fiedeldey method for a coupled channel system coincides with the ELP of the 
Feshbach optical potential. So the Fiedeldey method is compatible with the Feshbach 
optical potential. In part 4, we summarize our results. 

2. Construction of the Equivalent Local Potential 

The Fiedeldey theory [1] for the single channel problem is summarized as follows: 

Fiedeldey ELP. If μ(τ) and y(r) are two independent solutions of the equation 

d2 i(£ + 1 
dr2 r 

we define the function: 

then the functions: 

φ(Γ) = - ^ (V(r) - Ε) φ(ν) + / U(r,r')tl>(r')dr' (1) 
h Jo 

F{r) = f\r) = μ'y - y'μ (2) 

/ *. μ{τ) , / χ vir} ,.nS 

U ( r ) = = / M W(r)z=Hrj ( 3 ) 

are the two independent solutions of the Schrödinger equation: 

h2 ( d2 £(£ + iy 
2ra \dr2 r 

where VELP(r) is the ELP, given by the formula 

Ì Φ(Γ) + (VELP(r) - Ε) φ(τ) = 0 

*ÜVELP( Λ - *±vt ^ χ lF" _ 3 (F'\2 χ SrU{rS)W(r)u(r')-u'{rW))dr' 
h2 {T)~ h2 V{V)+2 F 4\FJ + F 

(4) 

We consider now the system of coupled differential equations: 

(^2 - ^ 7 ^ ) Ur) - ^ ( 2 m 1 / ^ 2 ) ( V ; m ( r ) - Et6im) </>m(r) = 
^ ' m = l 

n ΛΟΟ 

= Σ / Utm(r,r^m(r')dr' (5) 
m=lJo 
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If {μι(»")} and {^»(r)}, with i = 1.. .n, are two independent set of solutions of the 
system (5), the wronskians 

Fi(r) = ff(r) = μ\νι - ν'φί 

satisfy the system of equations: 

— = -γ- Σ Vim(r) ^m(r)ui(r) - um(r)ß{(r)) + 
m=l 

n ΛΟΟ 

+ Σ / Uim(r,r')(ßm(r')ui(r)-um{r')ßi(r))dr' i=l...n 

We can define the functions 

(6) 

(7) *(r)=ög and hi(r) = ^ i = V...n 

these functions constitute a pair of solutions for the system of equations: 

& - ~ ^ ) M r ) + X . - ( r ) ^ = ^ Σ (/r : (OK m (r)/ m (r) - ^ i m ) « r ) + 
' m = l 

1 g ; 3 / ^ \ 2 H L i frmfrrPMrKCr') - 4(r),im(r'))cfr' 

2 F t 4 V ^ 7 tf 

where 
ν <Vï - 2 m ' E i U i Km(r)(^,(r)i/m(r) - ^(r)/im(r)) 
* i ( j ~ ft2 ' ~ Fi 

Equation (8) can be written in a more compact form: 

&(r) (8) 

(9) 

* ^ ' / m = 1 

where the potential V"^LP(r,p) is a momentum dependent local potential: 

2 m » T / E / i1 

ft2 V,SLP(r,p) = 
dXi(r) IF / ' 3 / F ' V i , , N Λ A 

<̂ im + 

+ ^ / - . ( ^ Μ / . ( Γ ) + Σ ^ Γ Μ ^ ) Μ ( ^ ) - > ! ( Γ ) Μ Γ ' ) ) ^ , | , ι | | ( ω ) 

where 

Ρ Ξ 
ft a 
Î or 
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The above local potential contain momentum-dependent terms. We must notice that in 
the case of WKB method the equivalent local potentials are also momentum-dependent 
ones (see ref.[8]), but the momentum terms appear in the coupling channel potentials 
V-% (r) , (i φ m). In our case, these terms can be suppressed by a further reduction of 
the local potentials. Equation (8) can be reduced to a usual Schrödinger equation without 
derivatives, even if the local potentials are not symmetric. We define the transformation: 

0i(r) = (^i(r)exp j/x.l r)dr (H) 

After the application of this transformation, the generalisation of the Fiedeldey theory 
for a coupled channel problem is summarised by the following proposition: 

ELP for t h e coupled channel problem. If {μ^τ)} and {vi(r)}, i = 1. . . η are two 
independent solutions of the equation ( 5 ) then the functions: 

Ui(r) = exp - / Xi(r)dr Mi(r)//i(r) 

Wi(r) = exp - / Xi(r)dr Vi(r)/fi(r) i = 1 . . . η 

are two independent solutions of the Schrödinger coupled channel system: 

(£2 - £1^) Mr) - E(2mt/h
2) (Vt

E
m

LP(r) - EtStm) 0 m ( r ) = 0 
^ * m = l 

where the Vi^l
LP(r) is given by the following formula: 

2^iVPJ-"M = ^ J - " P t ^ . X . ' ( r ) * , V i . ( r ) « « p (r) = -
.2 im V J +2 Mr) 2J X m ( r)dr fm(r)+ 

1 ' 2 dr 2 Fi 4\Fi 
Sii 

, Γ H U Uik(r,r'){u(r)vk(r>) - i f l r ) M t ( r ' ) ) d r ' · 
+ 8ir 

(12) 

From the relation (6) and (9) we can find the exact form of the equivalent local 
potential. After a little algebra we find: 

2m 

T2 *rff P(r) ~ ψ™* l*f

Jxfr)dr] ^(r)exp [ 4 J Xm(r)dr]fm{r) + i f (r)* 
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where 

välag{r) = J_iFlY ι 
4 V Fi Fi 

+ 2 

1 Jo°° ELi ^ ^ W r h ( r ' ) - *(r)/**(r')) dr' 
Fi 

(13) 

We consider the coupled channel problem, without non-local potentials: 

This system can be compared to the system (5), if: 

Vim(r) = 0 

and 

Uim(r,r') = Wim(r)6(r-r') 

In this case we can compute the functions dFi(r)/dr in eqn.(6), and the final form of the 

ELP is given by the following proposition: 

ELP for a system of coupled local equations. Let μί(τ) and ut(r) two independent 

solutions of the system (14), with local potentials. Then we defìne 

Fi(r) = , i = 1,... ,n 

μ;·(Γ) v>(r) 

/ii(r) Vi(r) 

where the functions u^(r) and Wi(r) are defined as follows: 

( Λ /*t(0 . < s Vii?) 
u(r) = γ=. and iü(r) = 

are two independent solutions of the uncoupled Schrödinger equation: 

h2 ( d2 e(e + i) [^i(r)+{Vi
ELP(r)-Ei)4>ir) = 0 

Imp \dr2 r2 

where V^ELP(r) is the i-th channel ELP, given by the formula: 

( 

V: ELP, 
r) = — - • 

3 2m; 

4 h1 

E L i Wim(r) 
ßi(r) Vi{r) 

μ™(0 um(r) 

Fi(r) + 
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Ση dWir 

m = l dr 

Mi(r) Ι/,·(Γ) 

/lm(r) fm(r) 

Ei=iW i m(r) 

+ · 

/*:-(r) ^ ω 

^i(r) 
(15) 

If all the potentials Wim(r) have the same range then the final potentials have also 
the same range. If these ranges are different for the different channels then the ELP is a 
combination of potentials with these ranges. 

3. The Feshbach optical potential 

The number of the independent solutions of the system (5) is 2 n . For every pair of linear 
independent solutions, we can find a system of local equivalent potentials. Each ELP 
depends on the boundary conditions imposed on the initial pair of the solutions. The 
set of the equivalent local potentials to a system is characterised by the number of pairs 
of independent solutions. All the components of the ELP in eqn (15) contain ratios of 
the determinants of the components for a given pair of solutions, thus the set of possible 
equivalent potentials is parametrised by (2

2 ) — 1 independent complex parameters. In the 
case of the single channel problem system we have only 2 independent solutions, so there 
is only one ELP. 

Usually the coupled channel Schrödinger equation describes the reactions with many 
output (inelastic) channels but only one input (elastic) channel. The particles in an inelas­
tic channel move out from the centre of the interaction and they behave as independent 
particles after a certain time, which is sufficiently large. Let i = l be the elastic channel 
and i' = 2 , . . . , η are the output inelastic channels. In this case the boundary conditions 
imposed on all the inelastic channels are the following ones 

ΦΪ(Γ) ~ exp [ikir] if r —* oo , ki = 
\j2rißiEi 

2. (16) 

If the above restriction is imposed, the number of the independent solutions of the system 
(5) is exactly two. If there are Coulomb potentials in the channel potentials Vu(r) then 
the exponential function in eqn (16) must be replaced by the corresponding asymptotic 
form of the Coulomb function. Therefore for a given elastic channel we have only one ELP, 
corresponding to outgoing waves in the inelastic channels. 

The asymptotic condition (16) can be satisfied if the coupling potentials V{m(r) and 
Uim(r, r'), (i ψ m) have a finite range R. That means that these potentials must be zero for 
r > R. In the theory of nuclear reactions the basic interactions are the Coulomb interaction 
combined with the strong interaction between nucléons. The Coulomb interaction has not 
a finite range but is appears only in the channel local potentials Vu(r). The coupling 
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potentials are derived from combinations of microscopic nucleon-nucleon potentials which 
have a finite range. In this case, for r > R, the initial system (5) is written in an uncoupled 
form. Solutions satisfying the condition (16) exist and the method can be applied but all 
the definite integrals in eqn.(13) should be calculated from 0 to R. Eqn(15) is valid when 
r < R. For r > R the ELP are equal to the local parts of the channel potentials. The 
existence of the outgoing inelastic wave functions is related to the finite range of the 
coupling potentials. 

In the Fiedeldey method the equivalent potentials have two solutions which are wave 
proportional to the corresponding two solutions of the initial non-local system. In the 
WKB method the equivalent potentials have WKB solutions which are wave proportional 
to the WKB solutions of the initial non-local system. Therefore the WKB coupled channel 
method corresponds to the WKB treatment of the Fiedeldey-Mackellar-Coz method. 

Let Ω„ be the set of all systems with η-equations, Q,l°c is the subset of Ω η , which 
contains all the coupled systems of n-equtions with local kernels. For every system χ in 
Ω η , we attach a linear 2n-dimensional space, which is the space of the solutions of the 
coupled differential equations. We choose two fixed solutions /^(r) and V{(r) of the system 
x, then the Fiedeldey method is an application from Qn into Ωι°° 

Ωη3χ-> Fied(x) e fìJ,0C 

The equivalent local system Fied(x) has two solutions {u2(r)} and {wi(r)}, which 
have constant wronskians W[u,·, W{] = 1, for every i. The Fiedeldey procedure was based 
essenially on the hypothesis that the wronskians of the chosen solutions {μ^(τ)} and {^»(r)} 
are not constant functions, for all i. Generally, a system of η-equations can be reduced to 
another system of equations with local potentials, but the new system cannot be furhter 
reduced by the same procedure, i.e. after choosing the corresponding couple of independent 
solutions. Symbolically we can put 

Fied(Fied(x)) = Fied(x) (17) 

More generally, the Fiedeldey transform behaves like a projection: 

Fied(Fied (Ω„)) = Fied{ün) 

The set of the η uncoupled systems in our formulation is [Ωχ]". Any uncoupled local 
system does not change when the Fiedeldey procedure is applied, therefore: 

Fied([nir]n) = [<àir}n 

This property is compatible with eqn.(17) 
An interesting topic is the relation between the Fiedeldey method and the Feshbach 

procedure of constructing the optical potential of a coupled channel system [10]. We 
consider the system: 

3-2 - Α-μ~1) Mr) - (2mt/h2)(Vtl(r) - £,) V>,(r) - J rMr,r')^(r')dr' = 
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Σ ((2mt/h2) (Vim(r) - Ei6im) 0m(r) + j°° Uim(r, r')1>m(r')dA (18) 
m = l...n 

Let Gn(En,r,r') be the Green function of the n-th homogeneous equation: 

(£2 - ^ 7 F ^ ) σ » ( ^ ' r ' r ' ) - (2mn/n2) (V«(r) - JS?„) (?„(£„, r, r')+ 

/•OO 

- / tMr,r')G„(£,r",r')<ir" = <S(r - r') 
Jo 

The Green function satisfies the asymptotic conditions: 

Gn(En,r,r') ~ //n(r) , for r —* 0 , and r' — const. 

Gn(En,r,r') ~ Vn{r) > for r —> 00 , and r' = const. (19) 

The n-th equation, in system (5) can be solved: 

Mr) = ^ T Σ ϊ Γ' dr'Gn(En,r,r')Vnk(r')ï>k(r') 

/•OO Λ Ο Ο , 

+ J dr' I dr"Gn(En,r,r")Unk(r"y)iPk(r')\ (20) 

After replacing φη in all equations we arrive at the "optical" system, with n-1 equations: 

(é* ~ ^ 7 ^ ) ^ i ( r ) - ( W * 2 ) W r ) - ^ ) V-.(r) - j H tf«(r, r ' )^( r ' )^ ' = 

= Σ ((2mt/^2) (Kim(r) - Ei6im) i>m(r) + Γ Ûim(r, r^m(r')dA (21) 
m=l...n-l ^ Jo / 

where the potential Uik is defined as follows: 

4m2-mjfc 

T4 Uik{rS) = l/<t(r,r/) + —Λ-^ν ίη(Γ)σ„(£;„,Γ,Γ')ν„*(Γ'; 

2m Ζ" 0 0 2 m Z" 0 0 

+-ΓΤ^η(Γ) / dwGn(En,r,w)Unk(w,r') + -± / < ^ m ( r , 5 ) G n ( £ n , 5 , r ' ) V W r ' ) 
Λ Λ ft Λ 

/•OO /«OO 

+ / <fc / ί/^(;ί7î·n(r,5)Gn(£;J^,5,υ;)^7njfc(«;,Γ,) (22) 

We notice that the initial system (5) of η-equations is reduced to a system with n-1 
equations (21). If we repeat this procedure n-1 times we find the Feshbach local potential 
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as it is described in ref[10]. Symbolically this reduction of the rank is expressed by the 
function: 

F : Ω η 3 χ -> F{x) G Ω η _! (23) 

where F(x) represents the system derived by the Feshbach procedure. The exact definition 
of this function pressuposes the choice of the solutions μ ((τ) and ^,(r), i = l , . . . , n . 
This choice defines uniquely the channel Green functions Gi(E{, r, r') with the appropriate 
boundary conditions, as it occurs in eqn.( 4). The solutions μ;(τ) and Vi(r), i — 1 , . . . , n — 
1 of both system,s coincide for the first n-1 channels. 

An interesting property of the Fiedeldey method is its compatibility with the Feshbach 
reduction scheme. The following proposition is true: 

Proposition I. For every system χ G Ω η 

F (Fied(x)) = Fied (F(x)) (24) 

We consider now the case with Vim — 0 and two solutions μί(τ) and Ui(r), i,..., are 
two solutions of the system (5). The first n-1 functions of this kind are solutions of the 
system (22). Consequently the corresponding wronskians coincide: 

Fi(r) = Fi 

Also we see that: 

2 n —1 

Σ Uim(r, r') (/iî-(r)i/m(r') - v\(r)ßm{r')) dr' = 
m = l 

oo n — 1 

Σ Uim(ry)(u(r)vm(r') - v'i{r^m(r,))dr'+ 
m=l 

fOO 

dwUin(r,s)Gn(En,s,w)Unm(w,r')(u(r)vm(r') - î /-(r)^m(r ')) 
D 

/ •oo *» 

f Σ ^m(r,r ,)(A'i(r)i/ I i i(r') - i^ ( r> m ( r ' ) ) r f r ' 
0 ~, —1 

Therefore the ELP's in both cases are the same. 

An obvious generalization of the proposition I is the folowing corrolary: 

Corrolary. For every system χ G Ω η 

Fp (Fied(x)) = Fied{Fp{x)) (25) 

f 

-L 
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This proposition means that that if we apply the Fiedeldey procedure for a Feshbach 
optical potential in the elastic channel, the ELP should be the same to the Feshbach optical 
potential derived by the (uncoupled) system constructed by the Fiedeldey method. We 
can say that the Feshbach and Fiedeldey procedures are manipulations on the differential 
systems and they "anticommute" 

4. Summary 

In this paper we study the Fiedeldey method for the coupled channel case. For every 
pair of solutions of the coupled channel problem, we can define equivalent potentials, such 
that the coupled channel problem with non-local potentials is transformed to a coupled 
problem with local potentials. The ELP's in the coupled channel case depend on the 
boundary conditions imposed on the solutions of the exact problem. In the case of the 
coupling potentials with finite range we can construct one ELP in the case of outgoing 
inelastic wave functions. We give the explicit formula for the ELP in the coupled channel 
case. The Fiedeldey method is a procedure for transforming a coupled channel system to 
an uncoupled one. The Feshbach optical potential method is a procedure to reduce the 
rank of the system. In this paper we proved that the Fiedeldey method is related to the 
Feshbach procedure. The two methods can be viewed as manipulations on the differential 
systems, which anticommute. 
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