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Abstract

By application of the Lie theory of extended Qroups and for the
parameter values 0 = 1/2,b = 1,r = e2/2, 13 = e/2, e abitrary we
prove that the systern of the complex Lorenz equations is algebraically
cornpletely integrable. The respeclive general exacl solution s
expressed by means of Jacobian elliptic functions
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The non-linear system of differential equstions, the corples Lorenz
equatians (CLE),

X = 0(y-x) (12)
§ =-rx-xz-sz (1)
Z = -hz + (3% + xy*W2 (1c)

were first proposed and subseguently numerically investigated by
Fowler. Gibbon and HcGuinness [1-Z]. The dot in eqz(l8)-{1c) denates
differentiation with respect to the time t and the parameters b, d.r. 8
ore defined by

D20, 0X0.r =1y v ira. r>0.r>0.a= 1 - je. e0 (2)

The dynarical system {1a)-(1c) passes the Painlevé test for

gs 1/2,b= 1.1y = e2/2, r=e/2, earbitrary {3al

0=1,b=2,r,=¢e2/4 « 1/9,r,=0,earbitrery . (3b)
(3c)

1/3,b =0, ry arbitrary, r, = e, e arbitrary

" a
"

as shown by Roekserts [4] Although constents of the maotinn of
egs (1a)-(1c) of the form

F(%, %2,%5,%,4,2,1) = exp(cyt)P(X, ,%,%z,%,,2) (de)

x:xl*le,U:X3*EX4, (QD)

where ¢ is 8 constant dependingen 0, b, ry. rp, € 8nd P 1s 8 pelynomiel
of at most fourth order in ils arguments, have been recently
constructed 4], the important pessibility of the system (le)-(1c) being
algebreically completely integreble for some parameler velues has up
till now not been addressed to. We note here that it is very rere for a
non-lineer dynamical cystem depending on psremeters and deriving
from & physical problem to be completely integrable even for specific
paremeter values {S-6]. On the other hend & thorough numerical
investigation of the CLE, which serve as 8 model of dispersively
unstable, weskly non - linesr, weaKly damped physicel systems, iS
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praectically a very hard tesk due to the number  of independent
naremeteres [1-3). Consequently the search for completely integroble
cases valid for specific values of the parameters, on which a gJiven
dynamical system depends, seems to be -warth pursuing since Lhe
corresponding general exact solutions, apert from the importance they
may have in their awn right, cen also be used to test the feasibility of
numerical slgorithms.

In the present work we present the general exacl solution Lo
egs.(1a)-(1c) for the Painlevé case (3a). We recall at this pmnt thet
passing the Painlevé test 1s only a necessary and by no mesns @
sufficient condition for complete integratlity through Abehian
functions [S]. We need anly mention that there sre dynamical systems
which do not pass the Painleve test and yet are coumpletely integrable
{S). In the Tollowing, however, by constructing the genergl solution of
egqs.(lal-{1c). by means of Jacobien elliptic functions and for 1he
paremeter values (3a), we shall demonsirate thal passing the Fanleve
test for the case (3a) is a necessary snd sufficient condition for
algetraic complete integrability of the CLE.

The system of eqs.{1e)-{1c) can be reduced to the equivalent system

X+ (0+a)% + ala-r)x = -0x2 (5a)
2ezb =2+ [alm2at)(1720) | (5b)
y=xio ¢ x v €5c)

From eq.(Sh) we get

zit) = Cexp(-bt) + Ix12/20 + exp(-bt)(1 - b/Za)Ilezexp(bt)d{_ - 6)
C being a constant of integration.

Let now

b-2a (7
Equations (50} and (6) - (7) yield

X+(@+a)x+ola-r)x=-Mx42 - exp(-20t)Cox. (8)
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On introducing the functions u=wE), £ =E(), v = y{1) through

(o]
A

x(t) = u(EIv(t). |

eq.(8) .becomes after some olgebra end, essentially, by solving &
differential equation of the type of Bessel for v(t),

u = -expl-(a + DUUI?Z,*@Z (D72, (104
the dash denoling differentiation with regpect to §, and
{= (CI"U)XEHQ(—UI), C>r0 (100)
v(t) = exnl-(0 + a)t/2]2,(0) (10¢)
é(’t) = expl-(o + 8)t]/v?, (iodi
where Z,(¢) is a cylinder function of order p and

{10¢)

p=[(o-3)2-+ 40:'])5/20.

We consider now p = 1/2..Then eq.(10e) yields the following relations
between the parsmeters g, e, ry, r;: \

1+20(2r, - 1)-e%:=0 (118!

e(@ -1) + 20r, = 0. (11b)

Thus, since Z,,,(§) = J,»(0), where J;,,(2) 15 the Bessel function of
the first type, eq.(10a) becomes

u" = -aululZexpl(20 - Nt)sintZ, A = (4/n?No/C)?"? (12a)

£(1) = (cotIn/20, { = exp(-0t)(C/0)%, (r2v)

eq.(12b) fallowing from eqs.(10¢)-(10d) with p = 1/2.

On setting n eqs(126)-(12b) 0=1/2 and by introducing & function F(p)
through

u(E) = F(p). p = E/n = coty, T=exp(-t/2)(2C)% (133)
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£q.(128) is written as

F(p) = =cFIF(pI2/(p? + 1)%, € = An?, A= (a/n®N2c)*/2 (13h)

provided

0=1/2,b=1,r =32 r, =e/2 e arbitrary i1d)

due to conditions (118)-(11b).

We distinguish two cases :

Case (A) - u(f) complex. Let

F(p) = Fy(p) + iF,(p) {153

with real Fy, = F,(p). F, = F,(p). By virtue o.r en.(15) eq.(12b) gives

Fy" = - eFy(F 2+ Fa2) £(p2 + 103 (160)
( T6h)

Fpr == eFa(F 2+ 22 /(p2+ 1)2

Excluding for the time being the trivial solutions () F, = O and (P} F,=
F, we may find the general solution of the system (16a) (16b) by
setting

F‘, = Riplcoslglpl], F,= Rip) sinlg(pll. 17

Upon insertion of eq.(17) into egs.(16a)-(16b) we find that
eqe.(16a)-(16b) are satisfied if

R+ eR3/(p?+ 1)3 -C,%R*=z0.R=R(p) i13a)

¢ = C,/R%, ¢ = ¢(p), €, constant. {18b)

Thus we have reduced our problem to the solution of the non-linear
differential equation {18a). We shall treat eq{15a) in the framework
of the Lie theory of extended groups [6-E). In {act, eq.(18a) hag the

symmetry

G = £(p,R)3/3p + n(p,R)3/3R, R = Rlp) (19)
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provided [B-8]

GO NR", R, =0 {20a)
where
NR™, R, p) SR eR¥(p2+ N -\ ¥R =0 i20b)
and 62 is the second extenticn of G given by
6@ =G+ (n - ERIB/BR + (0" - E'R - 26R7)3/R" {20¢)
with n° = dn/dp. € = dE/dp. Equations (19)-(20c¢) yield
E(p.R)3g/3p + n(p.R)ag/3R + (N~ - E°R - 2L'R7) = 0 (218)
where

(21b)

g=giRp = eR¥(p2+ N? - WUR?

we obtain from egs.i2le)-(21b) after separating coefficients of (R')3.
(R)2. R, R, 85 both § and n are functions of p snd R only, ~

3%E/R2 = 0 (224!
3°/3R2 - 23%5/3R3p = O {22b)
23°n/aRap - 3°5/3p* + 3g 3E/3R = 0 i22¢)

i22d)

3°n/ap? - g an/arR + 2g aT/3p + £ d9/dp + 1 39/dR = 0.

Solution of the sgstém of partial differential equsations (22s)-(22d)
can be carried out and we deduce

EpR) = p2 + 1, nfp,RI = pR (23)
and eq.{ 19) shaws that
6=(p%+ 113/3p + (PRIV/IR. (24)

The generator G in eq.{24) can be transformed to d/aP by means of the
trensformation [6-8]

P=tantp, f=RipZ+ )12 (254
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in which cese eq.(18e) is written owing to eq.(25) as
freefPef-c,%3=0,1=1P) (26)
Equation (267 has the first integral

(12 +ef/24 12403220, 0O (27)
and fram eq{27) we conclude that

f

][ - of 4 - 2_p,+ 2 Z]'% - o - (75
LG, - ef4/2 - 1, - C, */1, dfy =P~ Py o WPyl =g (285)
fa

Oepending on the values of the constants C,, C,, € three difterent cases
grise, all of which lead essentially to the rezult, that the integral in
eq.(28) is expressible by means of elliptic functions. We shall give
belov the final result shich derives from one of the three cases
abave, namely when the palynamisl §lw) = C.w - ew 32 -wi- C,2 50,
w=f, 2 has one resl root 2, Thus we obtan from eqs.(13a), (15), (171,
(25), t28), after inverting the elliptic integral,

W(E) = [z, - v an2A1 + enA) 201 + £2/02)V2 expligle/n)l, (29)
1 S 'y

where 2, snd 2z, = @+ 1B. Zz = o - 1ff are the real and complex rools of

¢(w) respectively,

A= NE) = F(y,,8) + [P, - tar'(E/m)(g1/2)1/2 (30a)
= [(@ -2+ B2 £/n = cotlexp(-1/2)(2C)' /2] (30b)
5 = 2tan ! [((z, -15)/1)'72), 6 = [(t-a+ Z, ywzt]* fa<2,. (300)

(eq.(29) snA, cnA sre the Jacotien elliptic functions snd 1n eq.(30a)
Fiy,.6) is the elliptic integral of the firet kind. As now [ramm wqs {10c).

(12b) with p=1/2, 0 = 1/2, we g&t

v(t) = expltife - 1)/2]sin[(2C)'72 exp(-t/2))(2/n2C 174 &{)]
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the general exaclt solution to egs(le)-(1c) can be easily writlen
dawn Trom eqs.(9), (Sc), (6} Tar the values of the parasmeters in e.(14)
The function ¢tE/n) is of no further importshce since 1t is only & phase

angle.
Case (B) : u(g) real

On setting in eq.(19) Fy(p) = O it anly remains from eqs (16a}-(16b) 1o
Solve

Fyo = =6F 3(p2 + 13, 32)

Furthermaore, the trivial solutions mentioned afler eqs.{16al)-{1tb) lead
to equatians of the form (32) Egquation (32) can be solved 1 the
context of extended groups [6-&] and we oblain its general solution by
means of elliptic Tunclions.

In summary we have construcled the genersl exact solution to the CLE
for the parameter values {3a) by means of Javobisn elliptic funclions
Evidently the above solution possesses the Fainlevé proporty anl

approaches for t—ee the stable equilibrium point x =y = z = 0

Therefore we have proved that passing the Fainleve lest for the case
(3a) is indeed a necessary and sufficient condition for the CLE to be
algebraicelly completely integrable. Finally we note that the cese i3b)
can also be treated by the method of the present work by considerim
p=1/3 in eq.{10e) and using Airy functions.
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