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Clusters in Atoms and Nuclei 

G. S. Anagnostatos 
Institute of Nuclear Physics 
National Center for Scientific Research "Demokritos" 
GR-153 10. Aghia Paraskevi-Attiki, GREECE 

ABSTRACT: Small aggregates of particles, possessing different properties than those in 
bulk (i.e., in crystals or in nuclear matter), are reviewed here. Specifically, while some 
categories of atomic clusters (regular or bosonic) are in a solid state of matter and their 
structure possesses, more or less, definite geometric picture of packing of spheres standing 
for atoms, some other categories of atomic clusters (quantum or fermionic) are in a liquid 
(or gas) state of matter and their structure follows quantum mechanics whose only the 
average forms have a geometrical representation. These quantum clusters can be extended 
to include nucléon clusters of spheres standing for the nucléon bags with rather 
impressive results. All families of clusters considered together could be seen as a fifth 
state of matter. 

1. INTRODUCTION 

The physics of microclusters is a very rapidly growing, new area of science. It is an 

interdisciplinary topic and thus attracts scientists from many related sciences, e.g. solid state, 

chemistry, atomic physics, plasma physics, crystalography, and nuclear physics, both 

theorists and experimentalists. Their research takes place both in academic institutes and 

industries, since a large number of important applications are immediately expected, e.g., m 

catalysis. 

An aggregate of atoms or molecules is called a microcluster when the number of the constituent 

particles does not. usually, exceed 1000. Their electronic properties are significantly different 

than the properties of the same material in bulk. One of the first ways for their production is 

via supersonic expansion of vapours of the material produced in an oven. After their production 

a mass spectrometer separates the different species according to their number of particles. 

Their state of matter can be solid, liquid, or gas. 
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One of the major properties of microclusters is the appearance of magic numbers, i.e., the 

property that microclusters possessing specific numbers of constituent particles exhibit 

exceptional properties in comparison to those of species with neighboring numbers of particles. 

The theoretical investigation of such numbers follows two distinct paths. The one is based on 

the properties of the delocalized electrons in clusters (Knight et al, 1984), while the other on the 

equilibrium geometry of the constituent particles (Echt et al 1981, and Anagnostatos 1987). 

Different magic numbers appear for different groups of elements , e.g., alkali, noble gases, 

alkali halide and their mixtures, or even for the same group of elements under different 

conditions of preparation (e.g., born neutral or born ionized) and temperature or cluster size. 

It Is a very important fact that neutral alkali (Knight et al 1984) or alkali like (Ag, Au, Cu) 

clusters possess magic numbers very closely related to those in nuclear physics (e.g., 2, 8, 20, 

40 ). This similarity does not seem incidental and is due to the common fermionic nature of 

nucléons and neutral alkali atoms (i.e., odd number of electrons; Anagnostatos 1991a and b), 

which is consistent with the liquid (or gas) state of matter valid for both alkali clusters and 

nuclei. This is further consistent with the fact that bosonic clusters (i.e., clusters with atoms 

possessing even number of electrons as in rare gases, for example) very closely resemble a solid 

state of matter. 

The resemblance between alkali (or alkali like) quantum clusters and atomic nuclei gives a hint 

of an alternative approach of studying atomic nuclei. 

2. ATOMIC CLUSTERS 

Magic numbers in microclusters. 

Some examples of mass spectra and related magic numbers are shown in Figure s 1(a)-(d). 

Specifically, in Figure 1(a) the mass spectrum of xenon clusters is shown (Echt et al 1981), where 

the bold numbers over prominent peaks stand for the relevant magic numbers. In Figure$l(b)-(d) 
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similar Information for carbon (Ross et al 1986). [Cs(CsI)n]+ (Phillips 1986), and sodium 

clusters (knight et al 1984), respectively, is given. These are samples of rare gas, semiconductor, 

alkali-halide, and alkali microclusters, whose magic numbers are : η = 1, 13, 55, 147, 309, 

561,...; 4, 6, 10, 14, 18,...; 6, 14, 18. 20, 24, 30, 32. 38, 62,...; and 2, 8. 20, 40, 58 respectively. 

In Flguref2(a)-(d) the geometrical explanation of the magic numbers appeared m Figure51(a)-(d), 

respectively, is presented. Specifically, the magic numbers of rare gases are understood as 

closely packed nested icosahedral shells (Echt et al 1981, Anagnostatos 1987, 1988b), while 

those of semiconductors as nested tetrahedral shells (Anagnostatos 1990a), those of alkali 

halide (and of rare earths as well) as nested octahedral shells (Anagnostatos 1990c, 1991c), and 

those of alkali microclusters as nested equilibrium polyhedral shells as shown (Anagnostatos 

1987). In all four cases the magic numbers result as the cumulative number of accommodated 

atoms from the beginning up to the point where a polyhedral shell is completed (or up to the 

point where a polyhedral shell is partially, symmetrically completed). At each block of all parts 

In Figure 2 (bottom left) the number of atoms accommodated by the relevant polyhedral shell is 

given and is utilized for the 

estimation of magic numbers. For example, the second and third shell in Figure 2(a) 

accommodate 12 and 42 atoms, respectively, which lead to the major magic numbers 13=1+12 

and 55=13+42. Numbers written inside spheres of all parts in Figure 2 stand for the specific 

spheres (equal in number to the number shown) forming a partial, symmetric filling of the 

relevant polyhedral shell which (together with the spheres of all previous shells) give rise to a 

secondary magic number. For example, the numbers 6 and 12 inside spheres of the Figure 2(a) 

give rise to the secondary magic numbers 19=13+6 and 25=13+12, where 13 is the previous magic 

number corresponding to the completion of the previous shell. 

All details referring to the explanation of the magic numbers reported above can be found in the 

relevant cited references and thus there is no need of repeating them here in more extent than 

the previously given examples. At any rate, the important fact is not the demonstration of how 

the magic numbers result by proper summing up of complete polyhedral shells or subshells, but 

the very fact of demonstrating the specific symmetry supported in each case by the 
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experimentally determined magic numbers and the implied similarities among them 

(Anagnostatos 1990b). Thus, the structure of rare gas microclusters is composed of concentric 

icosahedra, while that of semiconductors and alkali-halide microclusters is composed of 

concentric tetrahedra and concentric octahedra, respectively. 

Despite the fact that each of the four structures in Figure 2(a)-(d) is made of geometrical shells, 

there is an important difference between Figure$2(a)-(c) and Figure 2(d). This difference is that hn 

the first three structures we have close packing of spheres at the surface of each shell and 

overlapping between spheres of adjacent shells (soft spheres), while i*> the last structure we do 

not have close packing of spheres on each shell, but close packing of spheres (touching of 

spheres) between adjacent shells (hard spheres). By using the proper terminology, the first three 

cases correspond to close-packing of spheres, while the last case tó close-packing of shells 

(Anagnostatos 1987). It is apparent that considering an effective atom-atom potential employed 

in the literature (e.g., Lennard-Jones potential), the close packing of spheres is energetically 

favored in comparison to the close packing of shells. However, if spheres presenting atoms are 

hard (as, for example, in alkali clusters), the corresponding structure can never follow the close-

packing arrangement, since for such an arrangement an overlapping is inevitable which is 

prohibited for hard spheres. The physical property which makes an atom behave like a hard 

sphere will be discussed shortly. 

For the explanation of magic numbers in alkali microclusters, besides the geometrical 

explanation given above (Figure 2(d)), an analytical approach has been employed in the 

literature as well (Knight et al 1984) . In this approach all valence electrons of alkali atoms (i.e., 

one from each) are considered delocalized and under the influence of a central potential 

somehow created by the nuclear cores. This potential is given by Equation (1) 

Ufl=- — — . 0) 

exp[(r-r0)/eH 

where UQ is the sum of the Fermi energy (3.23 eV) and the work function (2.7 eV) of the bulk; ro is 

the effective radius of the cluster sphere assumed to be r s N* / 3 , where r s is the radius of a sphere 

containing one electron in the bulk (rs = 3.93 a.u. for sodium, for example). The parameter ε 
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(=1.5 a,u.) determines the variation of the potential at the edge of the sphere. The Schrödinger 

equation is solved numerically for each N. 

The level structure predicted by this potential is shown in Figure 3 together with the predicted 

magic numbers. It is very interesting for one to notice that in Figure 3 the numbers 18. 34, 64,... 

appear as magic numbers, while these numbers are not present either in the experimental mass 

spectrum of Figure 1(d) or in the interpretation of alkali magic numbers presented in Figure 

2(d). This discrepancy between theory and experiments constitutes the starting point for a 

fundamental distinction between small clusters presented in FigurejKa)-(c) and those in Figure 

1(d). The former clusters are composed of atoms with an even number of electrons .while the 

latter ones are composed of atoms with an odd number of electrons. Thus, the first atoms could 

be seen as behaving like bosons and the last ones like fermions (Anagnostatos 1991b). 
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Fig.3. Electron level structure and magic 
numbers of alkali homoclusters, according 
to the jellium model(see Equation (1)). 

Furthermore, it is known that in the ground state, bosonic atoms (obeying the Boson statistics) 

try to occupy the lowest possible energy state, a fact which in geometrical language is consistent 

with the close packing of spheres (standing for atoms) as noted in Figurej2(a)-(c). Also as known, 

fermions (obeying the Fermi statistics) follow the Pauli principle forming shell structure and 

are never packed. Thus, Figure 2(d) is consistent with the fermionic nature of alkali atoms, 

where the poh/hedra shown stand for shells of the alkali-atom average positions, or in other 

words these polyhedra represent the average motion pattern of the alkali atoms (Anagnostatos 
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1991a). Thus, the physics behind the soft-sphere like and hard-sphere like behavior of atoms in 

different microclusters is that the nature of particles is different for each of the two cases (i.e., 

bosonic and fermionic nature of atoms), a fact which makes their behavior like soft or hard 

spheres, or in other words permitting or not permitting overlapping between spheres of 

adjacent shells (Anagnostatos 1991b). More about the consequences of such a distinction 

between atoms will be reported below. 

The distinction of atoms as bosons or fermions is consistent with the state of matter in the 

corresponding microclusters. Indeed, rare gas clusters (except He), for example, are considered 

solids, while alkali clusters are considered liquids (or gases) (Gspann 1986). Of course, this 

distinction of clusters according to the even or odd number of electrons in the atom is valid for 

born neutral atoms. For clusters born ionized (or very hot), however, we have conditions 

favoring derealization of the valence electrons and thus the electron structure model (jellium 

model) of Figure 3 is valid, instead of the average structure of Figure 2(d) for the atoms m the 

cluster (Saito et al, 1988, 1989, Bhaskar et al 1987). 

Now we can describe the conditions of validity between Figure 2(d) (due to atom structure) and 

Figure 3 (due to electron structure). The first is valid for alkali clusters born neutral, while the 

second for all other cases where a delocalization of valence electrons is favored. Indeed, m mass 

spectra of the second case the numbers 18, 34, 68 appear (Saito et al 1988, 1989), all of them 

being absent for neutral clusters as resulted from Figure 1(d) (Knight et al 1984). 

Figure 4(a)-(d) stands for the average structure of clusters involving neutral (fermionic) alkali 

atoms. Specifically, Figure 4(a) presents the average forms of shells for alkali-heteroatom (e.g., 

Mg) clusters (Anagnostatos 1989), while Figure 4(b) presents similar forms for clusters made up 

of two kinds of alkali atoms (e.g., Κ and Na) (Anagnostatos 1988a), Figure 4(c) presents the 

average form for a cluster made up of six alkali atoms each^aif of which are of a different kind 

alkali (Anagnostatos 199 le), and finally Figure 4(d) presents a cluster of two alkali atoms, each 

of which is of a different kind. All about the magic numbers of Figure$4(a)-(b) coming from the 

geometry alone are shown on the figures themselves. The quantum mechanical analysis for 
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Clusters of Figure34(a)-(b) is similar to the one given below for clusters of Figure 2(d) 

(Anagnostatos 1991a, 1991d). Semiclassical analysis for clusters of Figure/4(c)-(d) is similar to 

the one mentioned in the next section for the corresponding nucléon clusters. 

It has been shown that quantum effects contribute to the mobility of the individual rare-gas 

atoms to microclusters (starting from the zero-point kinetic energy) and to the superposition of 

different configurations in the same clusters, as explained in Franke et. al. (1988). Here we deal 

with the quantum mechanics of the neutral alkali atoms (taken as fermions, as already has 

been discussed above) which form shells in microclusters. We further assume that all alkali 

atoms of a shell taken together create an average central potential common for all atoms in 

that shell. In this potential each atom is considered as performing an independent particle 

motion (like nucléons in nuclei) obeying the Schrödinger equation for this potential. Further, 

our analysis proceeds by considering a multi-harmonic oscillator potential as follows 

(Anagnostatos 1990a, 1991d). 

H = H1$ + H l p + H ^ + (2) 

where Hj = V{ + Tj = - V + 1/2 mCco^r2 + ^ (3) 

That Is, we consider a state-dependent Hamiltonian, where each partial harmonic oscillator 

potential has its own state-dependent frequency o>i. All these coi's are determined from the 

harmonic oscillator relation (Hornyak 1975). 

Ι ί ω ^ / π κ Γ ^ ) (ni + 3/2), (4) 

where ni is the harmonic oscillator quantum number and <η2>1/2 is the average radius of the 

relevant high fluxlmal shell from Figure 2(d). 

The solution of the Schrödinger equation with Hamiltonian (2), in spherical coordinates, is 

Ψηίπ^.θ.Φ) = Rn<(r)Yjn (θ,φ), (5) 

where Y 51 (θ,φ) are the familiar spherical harmonics and the expressions for the R ir) are 

given in several books of Quantum Mechanics and Nuclear Physics, for example see Table 4-1 

of Hornyak (1975). The only difference between our wave functions and those in these books is 
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the different co's as stated In (2)-(4) above. Those of our wave functions, however, which have 

equal κ. value, because of the different ίιω, are not orthogonal, since in these cases the 

orthogonality of Legendre polynomials does not suffice. Orthogonality, of course, can be 

obtained by applying established procedures, e.g., Gram-Schmidt process. 

According to the Hamiltonian of (2), the binding energy of a cluster with Ν atoms in the case of 

orthogonal wave functions takes the simple form given by (6) 
Ν 

BE=l/2 (VN) - 3/4 [Σίίο^ (% + 3/2)], (6) 
i=l 

where V is the average potential depth discussed further shortly. The coefficients 1/2 and 3/4 

take care of the double counting of atom pairs in determining the potential energy. 

The average depth of the potential in its general case and in analogy to nuclei, is given by (7) 

V=-aN + b, (7) 

where if a=o the potential has a fixed depth for all values of N. Specifically for completed 

polyhedra, an extra term is taken, i.e. 

V=(-aN + b) + c/N. (8) 

This term expresses the energetic advantage for a microcluster to have a spherical (compact) 

structure, i.e., according to Figure 2(d), to have completed all polyhedral shells involved in 

that structure. This coefficient c expresses the sphericity of the cluster and has the same 

numerical value everytime the outermost polyhedron of the structure is completed. 

Everywhere else c has a zero value. 

Following Chou et al (1984) the relative binding energy change for a cluster with Ν atoms 

compared to clusters with Ν + 1 and Ν - 1 atoms is given by (9). 

Ô(N) = [EB(N) - EB(N-1)] - [ EB(N+1) - EB(N)]= 

= 2 EB(N) - [ EB(N-1) + EB(N+1)]. (9) 

The point-atom root mean square (rms) radius of a neutral alkali microcluster containing Ν 

108 



atoms is determined by employing our wave functions, as shown to (10). 

Ν 

<τ2>1/2 = (Σ <Γ^> / N)l/2, (10) 

i=l 

where the individual <ri 2 >l/2 values come from Figure 2(d). These radial sizes of the 

polyhedra in Figure 2(d) are determined by employing (11). 

R x = <r2>i/2sheU = R cosa + (4R20 -R2 siita.)™ ( H ) 

where R x is the radius of the polyhedron to be determined, R the radius of the previous 

polyhedron in contact, Ro the radius of the sphere standing for an alkali atom, and α the 

angle defined by the symmetry and relative orientation of both shells involved according to 

Coxeter (1973). The values of Rx so derived are given to Figure 2(d) in units Ro at the right-

bottom comer of each block. 

In Figure 5 the relative binding energy δ(Ν) versus Ν is plotted for the parameter values (see 

(8)) a = 0.2 and c=1.0 (fi2/(mR2o))· Discontinuities are observed precisely at the magic 

numbers. Even more, the relative sizes of the discontinuities (except perhaps at N=90) 

resemble those observed in the abundance curve during the cluster formation. 

c-

Ζ 
o 

0· 

0 2~8 2 0 4 0 58 ^ 9 0 

Fig. 5. Relative binding energy, δ(Ν), versus size, 
N. of alkali homoclusters. See Equations (9) and 
(10) for a=0.2 and c=1.0 m2/(mRo2)). 

Odd-even staggering (Bjornholm et al 1990) in mass spectra of alkali clusters is evidence that 

attractive forces, e.g. forces between atoms, play an important role in the cluster stability. 

Also, the observed cluster deformation (Lipparini et al 1989) between closed shells points 

again to the importance of equilibrium geometry of atoms. Thus, odd-even staggering and 

J-l 
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ι 

deformation effects support the present model, as ionization potential and polarization 

measurements (Knight et al 1984, Kappes 1988) support the jellium model. 

The jellium model and the present model are applicable to microclusters of the same 

elements (alkali or alkali-like) but for different conditions which favor or do not favor 

electron derealization. 

All discussion specified here for alkali atoms is obviously also valid and experimentally 

supported (Pettiette et al 1988, Katakuse and Ichihara 1986) for alkali-like atoms, i.e., for 

Cu, Ag, Au. 

Besides the novel quantum mechanical explanation of magic numbers for neutral alkali (or 

alkali-like) atoms, the present work underlines the idea that new, yet unobserved properties 

of neutral alkali microclusters should be investigated. Perhaps, the most important of them 

are the orbiting properties of atoms implying a series of properties due to orbital angular 

momentum, i.e., definite spin properties, independent particle and collective modes of 

excitation of individual species, etc. For an experimental verification of such properties 

nuclear methods should be employed. 

3. NUCLEON (QUANTUM) CLUSTERS 

Neutrons and protons are fermions and according to the most recent advances of particle 

physics are not point particles but particles with finite sizes as presented by the sizes of their 

bags (e.g., 0.8-1.1 fm according to Thomas 1984). In this respect nuclear structure could be 

seen as similar to neutral-alkali cluster structure with the mam differences being: 

(i) the different sizes of spheres representing the nucléons and the alkali atoms and 

(ii) the different strength and other details of the relevant state dependent potential (see 

Equation 3). 

However, Figure 4(b) is valid for the average forms of both neutral alkali clusters and nucléon 

clusters. It is satisfying that both kinds of clusters exhibit the same set of magic numbers (see 
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numbers in brackets In Figure 4(b)). The geometry of the equilibrium polyhedra of this figure 

is not a fixed geometry like the one we are familiar with in solid state physics, but it is simply 

a geometrical representation of high fluximal shells like those we are familiar with from the 

molecular orbitals. 

Besides Figure 4(b), Figure 4(c) and (d) presents average structures valid for both neutral 

alkali clusters and nucléon clusters. Specifically, Figure 4(c) shows the average structure of 

clusters consisting of three kinds of neutral alkali atoms (two atoms for each kind, e.g., Li, K, 

and Na) (Anagnostatos 199le), while for nucléon clusters it presents the average structure of 

^MHe (i.e., of two neutrons , of two protons, and of two Λ hyperons; Anagnostatos and 

Grypeos 1990). Figure 4(d) for atomic clusters presents a snapshot of the simplest mixed 

alkali clusters (e.g., Κ and Na), while for nucléon clusters presents a similar snapshot for the 

deuteron (e.g., one η and one p) (Anagnostatos et al 1990). Details for both alkali and nucléon 

clusters can be found in the cited references. 

4. CONCLUDING REMARKS 

The properties of small clusters substantially differ from the properties of the same material 

in bulk. The present study is centered around 3 characteristic property of small clusters 

called magic numbers whose significance in the stucture of clusters is similar to that of 

magic numbers in nuclear structure. 

The magic numbers in small clusters are different for the different groups of elements 

(homo-clusters) or the different mixtures of these groups (hetero-clusters). 

Elements with an even number of electrons behave like bosons in cluster structure, while 

elements with an odd number of electrons behave like fermions (Anagnostatos 1991b). The 

structure of bosonic clusters is closely approximated by packing of spheres arrangements 

possessing specific symmetry characteristic to the specific element comprising the cluster 

(e.g., rare gas clusters exhibit nested icosahedral structure as shown in Figure 2(a), while 
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semiconductor clusters exhibit nested tetrahedral structure as shown in Figure 2(b)). The 

structure of fermionic clusters (only their average structure) can be presented by packing of 

equilibrium-polyhedral shell arrangement common for all relevant groups of elements and 

obeys the Pauli principle, (see Figures 2(d) and 4). 

Clusters discussed here are composed of neutral atoms. Such clusters have been born neutral 

and the ionization used later to facilitate their detection does not, usually, alter their 

structure. However, clusters born ionized favor delocalization of the valence electrons. All 

such electrons in the cluster are assumed ta a central potential which is responsible for the 

appearance of the relevant magic numbers due to electron structure. This central potential, 

however, is created by the spherical packing of the atomic ion cores (i.e., of atoms without 

valence electrons), a fact which is responsible for the appearance of additional magic 

numbers due to atoms like in bosonic clusters. Besides the method of cluster production, 

other facts favoring delocalization of valence electrons are the cluster temperature, the 

cluster size, etc. 

It Is of great interest that fermionic atomic clusters exhibit magic numbers similar to those 

in nuclei (composed, also of fermions). This very fact gives a hint for an alternative study of 

nuclei resembling the study of fermionic atomic clusters and vice versa (Anagnostatos 

1985). In this sesne, for example, the diatomic alkali cluster KNa could be studied in a 

parallel way like the deuteron (Anagnostatos et al 1990). More applications of this 

alternative study of nuclei will appear elsewhere. 

Finally, one could remark that both small clusters and imite nuclei are cases of aggregates 

with a small number of particles and because of this we have all similarities described 

briefly above. In the cases where the number of particles becomes infinite the small cluster 

structure approaches crystal structure, while nuclear structure approaches nuclear-matter 

structure. Both systems of aggregates (small clusters and nuclei) could be seen as matter in 

small volumes and could be treated as fifth state of matter. 
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