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Double beta decay without invoking closure + 

G.Pantis and J.D.Vergados 

University of loannina, Dept. of Physics, Division of Theor. Physics, 

GR 451 10 loannina, Greece 

ABSTRACT : The nuclear matrix elements of PU operators entering in 
the Ov ßß-decay of 76Ge -> "^e have been calculated explicitly in the context 
of QRPA within the model space Of f/2 - Oh ^ . T h e validity of the closure 
approximation has been tested and seems to be quite satisfactory for those 
matrix elements which are not usually suppressed. Our results indicate that they 
are dominated by multipoles other than 0+ and 1+ and that the matrix elements 
are comparable to those of shell model calculations. 

l.INTRODUCTION 

Neutrinoless double ß-decay (Ov ßß-decay), if it occurs in nature, is expected to 
play a crucial role in discriminating between the various gauge models which go 
beyond the standard model. The extraction of useful constraints on the 
parameters of these models hinges upon our ability to reliably calculate the 
relevant nuclear matrix elements. It is interesting therefore to obtain results 
for all types of nuclear matrix elements entering the ßß-decay. 

The evaluation of double ß-decay nuclear matrix elements is not trivial 
for two reasons: First the nuclei which can undergo double ß-decay have 
complicated structure. Second the relevant decay rates to the ground state or in 
some instances the first few excited states of the final nucleus seem to exhaust 
a small fraction of the available strength. Thus, effects which are normally 
small cannot be ignored here. Such are, e.g., the role of the two nucléon 
short range correlationfand the validity of the closure approximation. 

We have shown recently (1) that if one works in momentum space it is 
fairly easy to obtain a multipole expansion of the transition operator. As a 
result one needs not involve closure once the structure of the intermediate states 
is known. It was in fact possible to give fairly .simple compact formulae which 
express the matrix elementi in terms of the relevant one-body reduced matrix 
elements iq > -» ImJm), ImJm) -» I0f > and a small number of energy dependent 
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radial integrals. The analogous expressions in coordinate space are much more 

complicated and calculations of this nature are time consuming. 

In momentum space however, these calculations are simpler. In a recent 

paper (2) we have reported calculations on 48Ca for which the intermediate 

nuclear states can easily be constructed. This is done in the context of the 

Quasi Particle Random Phase Approximation (QRPA). In this work we shall 

report our calculations on 76Ge. 

2. RESULTS AND DISCUSION 

It has been shown previously (1) that all nuclear matrix elements which are 

relevant in neutrinoless double ß-decay can be expressed in terms of 16 

operators which are functions of the initial and final momenta of the interacting 

nucléons, i.e. 
-» 1 ,->, -> ζ? 1 ,-*, -> , 
qi = J= (Pi -Pi) and Qi = J= (Pi+Pi) 

The recoil terms which are important for the contributions coming from right 

handed currents are associated with the operators which only depend on Qi. 

Since their dependence is at most linear on Qi, their evaluation amounts to 

trivial integration. Other operators depend on integrals Ini,m,p which are 

functions of the intermediate state energies, (label m). These integrals are 

reduced to expressions involving only one single harmonic oscillator wave 

function. The allowed values of 1 are 1=0 (scalar) 1=2 (tensor) and 1=1 (vector), 

for operators 14-16 which are associated with the recoil contribution. The 

value of η is also restricted to be 2n+l < max (Nj+ Nj·, +1^ + Νβ·)· Thus, the 

same integrals may be involved in many single particle orbitale. The 

interaction- matrix elements which are employed in our QRPA calculation were 

obtained from the Bethe-Goldstone equation for the nuclear-matter G-matrix 

with a realistic one-boson- exchange potential (3). The bare G-matrix has been 

slightly renormalized in order to take into account the finite model space and 

the starting energy W in the Bethe-Goldstone equation is chosen to be -25 

MeV. No corrections have been made to the particle-particle and particle-hole 

elements by some factors g p p and gPh and for the excitations relevant t o QRPA 

we use two quasiparticle states of a model space consisting of the orbitale 

Of fi - Oh11^. The single particle energies were calculated with a Coulomb-

corrected WoodflSaxon potential. 
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The nuclear matrix elements for all operators entering Ov ßß-decay are 

presented in table* la, lb and Ic. In table la we present the results obtained in 

the exact treatment i.e. including the energy dependent operator. The short 

range two-nucleon correlation function and the nucléon form factor, however, 

were ignored in this case. In table lb we present the same matrix elements 

obtained by using closure. Note that in this case M'F =MFW =MF and M'GT 

=MGTCD =MGT · The results shown in table Ic are analogous to those of table la 

except that in this case we included the short range two-nucleon correlation 

function. Furthermore for the short-range operators (Ω2,Ω4,Ω9) we included a 

nucléon form factor of a dipole shape. In table II we present the combinations 

of matrix elements as they enter Ov ßß-decay, all in the notation of ref. (4) 

except for X'R which is in the notation of Tomoda and Faessler (5) 

By comparing tables la and lb we see that closure works pretty well for 

the matrix elements which are not unusually suppressed. In fact these closure 

matrix elements do no defer from those of the exact treatment by more than 

15%. The greatest discrepancy appears in the case of the scalar recoil term. 

The discrepancy in the small Fermi like matrix elements is larger but their 

contribution to the Ov ßß-decay rate is negligible. 

Our results indicate that the various multipoles do not contribute 

additively. We find cancellations between the multipoles even in the case of the 

larger matrix elements. The contribution of the 1+ states to the Gamow Teller 

matrix elements is negligible which is in agreement with the results previously 

obtained near gpp ~ 1.0. The largest contribution comes from the members of 

the 2- multipoles. We should mention that the matrix element Mp, which is 

associated with the spin antisymmetric operator, is quite large and dominated by 

high negative parity multipoles (3-,5,7-). We also notice that, unlike the case 

of 48Ca (within Of7/2 shell), the matrix element M'GT and Μ'χ are cancelling 

each other. Thus, the matrix elements x j are very small. Note, however, that 

again unlike 4 8Ca the scalar and the tensor recoil contributions are additive 

which leads to large value of X'R. By comparing tables la and Ic we see that 

the effect of the short range two-nucleon correlation function on the Gamow-

Teler matrix element is small. Its effect on the relatively short range 

operators Q s , Ω-ρ is large as expected. As expected the inclusion of the short 

range two-nucleon correlation function radically affects the heavy majorana 
Η Η 

neutrino matrix elements M F and M G T - The reduction of these matrix 

elements by only a factor of 2 can be traced back to the nucléon form factor 
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which makes the operator have a finite range r=0.25 fm. We do not 

understand why the matrix element Mp is reduced by a factor of 2 once the 

correlation is turned on. 

We also find the recoil contribution is dominant reconfirming the results 

of Tomoda and Faessler (5). For this reason the precise value of x j and x'p 

is not relevant. As expected, the contribution of the recoil term is reduced by 

the presence of short range correlations by about 40% but is still quite high 

(x'p « 96). 

The matrix elements relevant for 2v ßß-decay, properly weighted by 

energy denominators in units of M^c2 are very small i.e. Mp = 0.041, MGT = 

0.020. The smallness of these matrix elements is consistent with the previously 

obtained results (5). 

Finally we would like to compare our present results with those of the 

existing shell model calculations.Our value for the matrix element Mv=(l-Xf)MoT 

is almost the same with the result of ref. (6) with monopole interaction, about 

35% smaller than that of Ref. (7) and about a factor of two smaller than that 

of Ref.(8). As we have mentioned four values of x j are tiny compared to 

those of the shell model calculations. Thae cancel the Fermi (M'F) and Gamow 

Teller (M'GT) ME. We have no explanation for this discrepancy. Also the 

value Mp = 1.74, obtained in the present calculation is somewhere between the 

values of the two above mentioned shell model calculations. The heavy 

neutrino matrix elements are a factor of two smaller than those of Ref.(8). 
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H
' F '

 M
Fu
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G T

U 

Ο
4
 0 5305 

J
+
 -0.4595 

0' 0 1134 

1' -0.7717 0.7958 

:' 3.1389 

2
+
 0.7376 -0 5124 

3* -1.2731 

3" -0.5773 0.5895 

U' 1.2193 

4
4
 0.3261 -0.2712 

5* -0.5604 

5' -0.3487 0.3530 

6." 0.5702 

6
+
 0.1305 0.1172 

J>6 -0.1279 -0 0601 

SUM -0.1009 3.5262 

.RfCP.ll . 

\ S r cT 

0.3706 

-0.1512 

0.5283 0.0196 -0.1385 

0.0321 -6.459! -2.4240 

1.7551 0.7568 4 < 

-0.4289 -0.0046 

-0.3416 -0.1333 0.0213 

0.3844 0.2144 

0.3931 -1.1350 -0.0008 

-0.2597 -0.0276 

-0.1809 -0.0343 0.0015 

0.1900 0.0465 

0.2354 -1.2861 -0.1374 

•0.1367 -0.0092 

•0.0782 0.0982 -0.0349 

0 . 1 4 6 6 - 1 . 3 4 3 6 - 0 . 0 0 7 7 

0 . 6 7 1 2 - 3 . 8 1 4 5 - 0 . 0 4 4 9 

4 . 0 5 3 9 - 2 . 0 2 7 1 - 2 2 . 5 2 4 . 5 

1 5 . 8 4 4 8 2 . 4 0 4 8 9 6 . ί 

- 5 . 5 7 1 7 2 . 7 8 5 8 4 4 . 7 - 3 3 . 7 

- 1 5 . 7 4 8 3 - 4 . 0 2 7 0 - 9 5 . 2 

8 . 8 0 2 7 - 4 . 4 0 1 3 - 5 2 . 0 5 3 . 2 

2 0 . 0 2 9 5 3 . 3 9 6 9 1 2 1 . 1 
/ 

- 5 . 7 2 8 0 2 . B 6 4 0 4 1 . 2 - 3 4 . 6 

- 1 3 . 9 5 9 2 - 3 . 8 5 1 2 - 8 4 . 4 

9 . 6 2 7 9 - 4 . 8 1 4 0 - 5 5 . 2 5 8 . 2 

1 6 . 8 8 1 2 3 . 0 2 6 0 1 0 2 . 1 

- 4 . 2 6 8 8 2 . 1 3 4 4 2 8 . 1 - 2 5 . 8 

- 1 . 2 9 8 2 - 4 . 6 0 3 6 - 3 4 . 0 - 7 . 0 

2 4 . 0 4 1 8 - 8 . 7 7 9 5 - 4 2 . 4 1 4 0 . 3 

T n h l e l b : The some q u n n c l t l r s ns In t n b l e l a , but u s i n g c l o s u r e . 
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ENERGY DEPENDENT 

NO-CORRELATION 

CLOSURE ENERGY DEPENDENT 

NO-CORRELATION WITH CORRELATION 

3.07 3.53 2.97 

1.02 1.03 0.99 

-0.04 6 -0.198 -0.092 

0.056 -0.086 -0.165 

0.916 1.003 0.935 

0.92 3 1.028 0.925 

1.01 •0.87 0.47 

140 142 95.8 

140 140 67.7 

1.24 1.21 1.11 

I: The various matrix elements entering the Ou /3/3-decay in the notati« 

For the recoil term χ* our definition agrees vith that of Tomoda and 

r (Ref. 5 ) . M ™ and χ„ are quantities associated vith heavy neutrino! 
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