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Abstract 

A review of the problems of neutrino mass, mixing and oscillations is given. Possible 
phenomenological schemes of neutrino mixing are discussed. The most important 
consequences of neutrino mixing-neutrino oscillations are considered in some detail. 
The data of atmospheric, solar and LSND experiments are discussed. The results of 
phenomenological analysis of the data under the assumption of the mixing of three 
and four massive neutrinos are briefly presented. 

1 Introduction 

The strong evidence in favor of the oscillations of atmospheric neutrinos, which 
was recently obtained by the Super-Kamiokande Collaboration [1], has at­
tracted the attention of many physicists working on neutrinos. The problem 
of masses and mixing of neutrinos is at present the central problem of elemen­
tary particle physics. The investigation of this problem is one of the major 
tools of searching for new physics beyond the standard model. Vergados [2] 
understood this many years ago and gave very important contributions to such 
investigations. 

Indications in favor of neutrino oscillations were obtained in all modern atmo­
spheric-neutrino experiments (1MB [3], Soudan-2 [4], Kamiokande [5], Super-
Kamiokande [1] and MACRO [6]), in all solar-neutrino experiments (Homes-
take [7], GALLEX [8], SAGE [9], Kamiokande [10], Super-Kamiokande [11]) 
and in the accelerator LSND experiment [12]. 
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From all existing data it follows that there are three different scales of neutrino 
mass-squared differences, Am2: Am2

o l a r ~ 10"5 eV2 (MSW) or ΚΓ 1 0 eV2 

(vacuum oscillations), Am 2

t m ~ 10 - 3 eV2 and Δ?τι£δΝ0 ~ 1 eV2. This implies 
that at least four massive neutrinos exist in nature, i.e. the number of massive 
neutrinos is larger than the number of flavor neutrinos (ve, νμ, vT). Thus, 
if future neutrino-oscillation experiments confirm the existing results, it will 
imply that neutrino mixing and quark mixing are of a different origin. 

Many new neutrino-oscillation experiments are in preparation. The region 
of Am2 of atmospheric neutrinos (Am2

t m) will be investigated in the long-
baseline (LBL) experiments MINOS [13], ICARUS [14], OPERA [15] and oth­
ers, and the solar-neutrino region (Am2

olar) in SNO [16], Borexino [17] and the 
reactor LBL experiment KAMLAND [18]. Finally, the LSND region of Am2 

(Am 2

S N D) will be investigated in the future short-baseline (SBL) experiment 
BooNE [19]. 

Neutrino masses, mixing and nature (Dirac or Majorana) are of fundamental 
importance for the theory. It is a common belief (see [20]) that neutrino masses 
and mixing are generated by a mechanism beyond the standard model. The 
main reason for that is the experimental fact that neutrino masses are much 
smaller than the masses of all the other fundamental fermions (leptons and 
quarks). The full understanding of the origin of neutrino masses and mixing 
will require, however, many new experiments. 

Neutrinos are very important in astrophysics: massive neutrinos are plausible 
candidates for hot dark matter particles, the number of neutrino species plays 
a crucial role in the big bang nucleosynthesis, and so on. We will not discuss 
here these relevant issues. 

In Sect. 2 we will consider the general phenomenological framework for neu­
trino masses and mixing. In Sect. 3 we will discuss neutrino oscillations. In 
Sect. 4 the latest experimental data will be examined. Finally in Sect. 5 the 
analysis of the data will be presented. 

2 Neutrino Mixing 

The neutrinos ve, νμ, i/T, which are produced in weak processes like pion and 
muon decays, nuclear beta decays etc., are called flavor neutrinos. In the 
interaction with nucléons a flavor neutrino ν ι {ί = e, μ, τ) produces the lepton 
l~ and hadrons (CC) or the same neutrino ν ι and hadrons (NC). From all the 
available data it follows that the interaction of flavor neutrinos is perfectly 
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described by the Lagrangian of the standard model 

£ ' = ( - A ^ 0 + H - 2 Ä ^ " · (1) 

Here the charged 0'JC) and neutral (j™0) currents are given by 

Ä C = 2 Σ ^ 7 « 4 + . . . , (2) 
ί=ε,μ,τ 

Ja°= Σ F t t7««to + . . . · (3) 
£=ε,μ,τ 

In (1) Wa and Z a are the fields of the vector bosons W± and Z°, 0W is the 
weak mixing angle and g is the coupling constant. From LEP data it follows 
that the number of light flavor neutrinos, nV{, is equal to three [21] 

nui = 2.994 ± 0.012 . (4) 

The Lagrangian (1) conserves the additive electron Le, muon Σμ and tauon 
LT lepton numbers 

Σ Le = const, Σ Lß = const, Σ LT = const. (5) 

According to the neutrino mixing hypothesis this law is an approximate one: 
it is violated by the neutrino mass term. 

The neutrino mass term (see the review article [22] and references therein) can 
be completely different from the corresponding lepton and quark mass terms. 
This is connected with the fact that neutrinos with definite masses can be 
Dime or Majorana particles; charged leptons and quarks are Dirac particles. 
The neutrino mass term can be written in the following, general form 

C = —nRMnL + h.c. , (6) 

where UL,R are columns of the neutrino fields and M is a matrix. There are 
two general possibilities for nL. 
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2.1 Case I 

The column m contains only flavor neutrino fields 

nL VßL (7) 

In this case M is a 3 χ 3 matrix and for the mixing we have 

VLL = Σ UtiViL , (̂  = e, μ, τ) , (8) 

where U^U = 1 and y ι is the field of neutrinos with mass m». Only transitions 
between flavor neutrinos ν ι τ=± ν? are possible in this case. 

The nature of Vi depends on UR. If 

riR 

\"TRJ 

(9) 

where VIR are right-handed neutrino fields, global gauge invariance 

v£L->éaveL, vm^èavtR, £^eìai, (10) 

(α being a real constant, the same for all fields) takes place. Hence, in this 
case the total lepton charge 

L = Le + Lu + L e ι ^μ ι •L-'T (11) 

is conserved and fields of neutrinos with definite masses, v^ are Dirac fields {vi 
and the charge-conjugated field, vf = CvJ are independent). The correspond­
ing mass term is called the Dirac mass term. Note that the Dirac mass term 
can be generated in the framework of the standard Higgs mechanism which is 
responsible for the generation of the masses of charged leptons and quarks. 
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If, instead 

TIR 

1 (»,L)C ^ 

(12) 

where (vu)c = CvJL is the right-handed component, then there are no con­
served lepton numbers and the fields of neutrinos with definite masses are 
Majorana fields (i/f = uì).l The corresponding mass term is called the Majo­
rana mass term. 

Note that if massive neutrinos are Majorana particles, a process like neutri-
noless double-beta decay 

(A, Z) -+ (A, Ζ + 2) + e" + e" , 

in which the total lepton number is not conserved, becomes possible. There is 
no difference in neutrino oscillations for the case of Dirac or Majorana masses. 

2.2 Case II 

In the most general case not only the three flavor neutrino fields enter into TIL, 
but also other fields ν,ι (s = S\,...), which are not contained in the standard 
Lagrangian of weak interactions, (1), and hence are called sterile fields 

( ν \ 

nL = 

VS1L 

V ; ) 

(13) 

Sterile fields can be right-handed neutrino fields {vsL = {VSR)C ) and/or fields 
of SUSY particles.2 

1 For Majorana neutrinos not only the electric charge, but also all lepton charges 
are equal to zero. 
2 If the USR fields enter only into the neutrino mass term, then the corresponding 
particles are really sterile. Should there be a right-handed interaction, then 'sterile' 
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For the mixing we have, in this case, 

3+n s 

V*L - Σ UaiViL , (<* = e , μ , τ , $ ! , . . . ) , (14) 

where 14 is the neutrino field with mass mi and Î7 is a (3 4- ns) χ (3 + ns) 

unitary mixing matrix. The number of sterile fields, n s , can only be fixed by 

a model. For I/SL = {VSR)C it is natural to assume that ns — 3. 

If the neutrino masses m* are small (i = 1 , . . . , 3 + n s ) , then not only oscillations 

between flavor neutrinos ue ^± v?, but also oscillations between flavor and 

sterile neutrinos vi τ± va will take place. 

The nature of the massive neutrinos 14 depends on TIR. If UR = {TIL)C the neu­

trinos Vi are Majorana particles and neutrinoless double-beta decay is possible. 

The corresponding mass term is called the Dirac-Majorana mass term. 

Majorana neutrino masses can be generated only in the framework of models 

beyond the standard model. In the case of the Dirac-Majorana mass term 

there exists a plausible (the so called seesaw) mechanism for neutrino mass 

generation [23]. It is based on the assumption that lepton numbers are violated 

by the right-handed Majorana mass term at a scale M much larger than the 

electroweak scale. 

The spectrum of masses of Majorana particles in the seesaw case contains three 

light neutrinos V{ with masses rrii and three very heavy Majorana particles with 

masses Mi ~ M. The two sets of masses are connected by the seesaw relation 

mi^i-^-^m) (i = 1,2,3) (15) 

where my is the mass of a quark or a lepton in the ' ith' family. The seesaw 

mechanism connects the smallness of Majorana neutrino masses with the vi­

olation of lepton numbers at very large mass scales. Note that in the seesaw 

case the neutrino masses satisfy a hierarchy relation 

mi <C m2 <C m 3 . (16) 

particles could experience a much weaker interaction than the standard electroweak 
interaction. 
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3 Neutrino Oscillations 

In this section we will discuss the phenomenon of oscillations in neutrino 
beams [24] which can occur if neutrino masses are different from zero and 
flavor neutrino fields are mixtures of massive fields [see (8) and (14)]. In this 
case for a state with momentum ρ we have 

'α> = Σ ££»!*>> (θ = β, μ, Τ, «ι, . . .) , (17) 

where \i) is the state of a neutrino with mass m*, momentum ρ and energy 

ι τη 

Ei = VP2 + m? - ρ + γ-, (pgm) (18) 

The state \i) is an eigenstate of the free Hamiltonian HQ 

H0\i) =Ei\i) . (19) 

Relation (17) implies that the states of flavor neutrinos (and eventually the 
sterile ones) are coherent superpositions of neutrino states with different mas­
ses. This is valid only when the neutrino mass differences are small and, due to 
the uncertainty principle, different mass components cannot be distinguished 
in production and detection processes (for a recent discussion of this problem 
see [25]). 

If at t = 0 the state of neutrinos is \ua), the probability amplitude of the 
transition into the state \νβ) after a time t is given by 

i 

= EUßie-iEitU*ai . (20) 

From (20), using the unitarity of the mixing matrix U, the following general 
expression for the probability of the transition va —» ι/β can be obtained 

P{va -> Vß) = δβα + Σ Uß* exp I —iAm^ 
2p 

- 1 Ul (21) 

Here L ~ t is the distance between the neutrino source and the neutrino 
detector, and Am-j = m% — m\ (we have assumed that m\ < m2 < .. .)· The 
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probability for an antineutrino transition va —> Vß is given by 

P(i/a -> Vß) δβ* + Σ Uh exp ( -ΪΔτηίχ— ) - 1 Un 
(22) 

Obviously, as a consequence of CPT invariance 

Ρ{να^νβ) = Ρ(νβ->να). (23) 

Note that from CP invariance it follows that 

P{Va -> Vß) = P(va -> Vß). (24) 

The probability of the transition va —» ν β (Va —> Vß) depends, in the general 
case, on η — 1 neutrino mass-squared differences (n = 3 + n s ), n(n — l)/2 
mixing angles, (n — l)(n — 2)/2 phases and on the parameter L/p. When, for 
all values of i, Arn-j <C p/L then neutrino oscillations cannot be observed 
[P{va —*> i/̂ ) = ia/j]. In order to observe neutrino oscillations is it necessary 
that for some value of κ > 2, Am^ > p/L. 

Let us consider the simplest case of the mixing of two neutrino species. Then 

cos θ sin θ 

ι — sin θ cos θ 
U = (25) 

where θ is the mixing angle. From (21) and (22) one gets 

P{ya-iVß) = P(vQ-^vß) 

= i sin2 2 * ( l - c o s ^ ) , [βφα), 

P{ua -> va) = P{yß -+vß)-l- P(vQ -> Vß) 

= 1 - - sm2 20 1 - cos — . 
2 ν 2p ; 

(26) 

(27) 

In the above, Am2 = m\ — m\ and α, β can assume the values e, μ or μ, τ 
and so on. The expressions (26), (27) are written in units h = c = 1. The 
transition probability can also be written in the form 

1 / Am2L 
P(va -> 1/0) = - sin2 20 1 - cos 2 . 5 4 — — 

2 V E 
(28) 
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where L is the distance in m, E is the neutrino energy in MeV, and Am2 

is the neutrino mass-squared difference in eV2. For the oscillation length we 
have, from (26) and (28) 

In the simplest case of two-neutrino mixing, the probability of neutrino tran­
sitions depends on the parameters sin2 20 (the amplitude of the oscillations) 
and Am2, which characterizes the oscillation length. The necessary condition 
for the oscillations to be observable is 

Am2 4 > 1 · (30) 
E 

Thus, the larger the value of the parameter L/E, the more sensitive will 
be an experiment to the value of Am2. Typical values of the parameter 
L {τη)/E (MeV) for SBL and LBL accelerator experiments, for SBL and LBL 
reactor experiments, for atmospheric-neutrino experiments and for solar-neu­
trino experiments are 

1; 102-103; IO2; IO3; 102-103; 1011 , 

respectively. 

4 The Status of Neutrino Oscillations 

Evidence and indications in favor of neutrino oscillations were found in many 
neutrino-oscillation experiments. We will discuss here briefly the results that 
have been obtained. 

4-1 Atmospheric Neutrinos 

Atmospheric neutrinos are mainly produced in the decay of pions and muons 

π τ -» μψνμ{ΰμ) , μ* -*• ε^νΛι/μ(ν€νμ) , (31) 

pions being produced in the interaction of cosmic rays with nuclei in the 
Earth's atmosphere. At energies < 3 GeV the ratio of fluxes of νμίνμ and 
ve, Ve is equal to two, while at higher energies it is larger than two (since not 
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all muons have time to decay in the atmosphere). The ratio can be predicted, 
however, with accuracy better than 5% (the absolute fluxes of muon and 
electron neutrinos are calculated with accuracy not better than 20%). 

The results of atmospheric-neutrino experiments are usually presented in the 
form of a double ratio 

*-(&).'SL< (32) 

where Νμ(Νβ) is the total number of muon (electron) events (in modern detec­
tors neutrino and antineutrino events cannot be distinguished) and (Nß/Ne)MC 

is the ratio predicted by Monte Carlo simulations. 

We shall discuss mainly the results of the super-Kamiokande experiment [1]. In 
this experiment a large 50 kton water Cerenkov detector is used. The detector 
consists of two parts: the inner one (22.5 kton fiducial volume) is covered with 
11146 photomultipliers; the outer part, 2.75 m thick, is covered with 1885 
photomultipliers. The electrons and muons are detected by observing their 
Cerenkov radiation. The effectiveness of particle identification is larger than 
98%. 

The observed events are divided into fully contained events (FC), for which 
all Cerenkov light is deposited in the inner detector, and partially contained 
events (PC), in which the muon track deposits part of its Cerenkov radiation 
in the outer detector. FC events are further divided into sub-GeV events 
(Evis < 1.33 GeV) and multi-GeV events (£vis > 1.33 GeV). 

In the super-Kamiokande experiment for the double ratio R, from FC events 
(736 days) and PC events (685 days), the following values were found 

R = 0.67 ± 0.02 ± 0.05 , (sub-GeV) , (33) 
R = 0.66 ± 0.04 ± 0.08 , (multi-GeV) . (34) 

Analogous results were obtained in the previous water Cerenkov Kamiokande 
[5] and 1MB [3] experiments and in the iron calorimeter Soudan-2 [4] experi­
ment 

R - 0.65 ± 0.05 ± 0.08 , (Kamiokande) , 
R = 0.54 ± 0.05 ±0.11 , (1MB) , (35) 
# = 0.64±0.11 ±0 .06 , (Soudan-2) . 
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The fact that R is significantly less than one could imply disappearance of 
atmospheric νμ or appearance of ve (or both). In the super-Kamiokande ex­
periment there was found compelling evidence in favor of the disappearance 
of νμ due to neutrino oscillations: in this experiment a significant up-down 
asymmetry of the multi-GeV muon events was discovered. 

For atmospheric neutrinos the distances between production points and de­
tector can differ from L ~ 10 km (down-going neutrinos, θ = 0, θ being the 
zenith angle) to L ~ 104 km (up-going neutrinos, θ = π). At high energies 
the effect of the Earth's magnetic field is small and the expected number of 
neutrino events can not depend on the zenith angle Θ. However the Super-
Kamiokande Collaboration found a significant θ dependence of the multi-GeV 
muon neutrino events. For the integral up-down asymmetry 

*=%=£' (36) 

u + v v ' 

there was obtained the value 

Λμ = -0.311 ± 0.043 ± 0.010 . (37) 

Here U is the number of up-going events (-1 < cos# < —0.2) and V is the 
number of down-going events (0.2 < cos0 < 1). No significant asymmetry of 
the electron neutrino events was found 

Λ = -0.036 ± 0.067 ± 0.02 . (38) 

The super-Kamiokande data can be described if we assume that νμ —» vT or 
νμ -* vs oscillations take place. In the νμ -Λ ντ case the following best-fit 
values for the oscillation parameters were found [26] 

sin2 2Θ = 1 , Am2 = 3.5 χ 10 - 3 eV2 , (39) 

(with x^jn = 6.21 for 67 degrees of freedom). In the case of νμ -» vs oscillations 
the best-fit values of the parameters are 

sin2 2Θ = 1 , Am2 = 4.5 χ IO - 3 eV2 , (40) 

(with X^JJ = 64.3 for 67 degrees of freedom). 
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Table 1 
Main sources of solar neutrinos 

Expected flux 
Reaction Neutrino energy (cm - 2 s - 1) 

BP 98 [28] 

pp —> d e+ ue 

e~ "fee -> ue

 7Li 

^ -»^e* e+ ue 

< 0.42 MeV 

0.86 MeV 

< 15 MeV 

6 χ 1010 

4.8 χ 109 

5 x l 0 6 

4-2 Solar Neutrinos 

The energy of the Sun is produced in the reactions of thermonuclear pp and 
CNO cycles. Prom the thermodynamical point of view the energy of the Sun 
is produced in the transition 

2e" + 4p —>*He + 2ve . (41) 

Thus the production of energy in the Sun is accompanied by the emission of 
electron neutrinos. 

The main sources of solar neutrinos are the reactions of the pp cycle listed in 
Table 1. As is seen from the table, solar neutrinos are mainly low energy pp 
neutrinos and intermediate energy, monochromatic 7Be neutrinos, while the 
high-energy part of the solar-neutrino spectrum is due to the 8 B decay. 

The total flux of solar neutrinos is connected with the luminosity of the Sun, 
LQ, by the relation 

where Q = 4mp + 2me - m4He £* 26.7 MeV is the energy release in the 
transition (41), Φ; is the total flux of neutrinos from the source i (i = pp, 7Be, 
8B,...), R is the Sun-Earth distance and Ei is the average energy of neutrinos 
from the source i. The above relation was derived under the assumption that 
P(ue -¥ vt) = 1. Notice that for pp and 7Be neutrinos the term Ei/Q can be 
neglected, while ΦβΒ gives a very small contribution to the left-hand side of 
(42). 

The results of five solar-neutrino experiments are available at present: they 
are reported in Table 2. 
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Table 2 
Results of solax-neutrino experiments (1 SNU=10 ä 

Experiment 

Homestake [7] 
GALLEX [8] 
SAGE [9] 
Kamiokande [5] 

Super-Kamiokande [H] 

Observed rate 

2.56 ±0.16 ±0.11 SNU 
77.5 ± 6.2ÎJ$ SNU 

66.6±f:f±|;g SNU 
(2.80 ± 0.19 ± 0.33) xlO6 

(cm -2s -1) 

(2.44±0.05ί^)χ10 6 

(cm - 2 s - 1 ) 

56 events/(atom sec)) 
Predicted 
rate BP 98 

7.7t\i S N U 

129ί| SNU 

129ig S N U 

(5.15iJ;?)xl06 

(cm~2s_1) 

(5.15iJ;?)xl06 

(cm _ 2 s - 1 ) 

Data 
Prediction 

0.33 ± 0.06 

0.60 ± 0.07 

0.52 ± 0.07 

0.54 ± 0.07 

0 4 7+0.07 
υ·^'-0.09 

In the radiochemical Homestake experiment [7] solar z/e's are detected by ob­
serving the Pontecorvo-Davis reaction 

ue + 37C1 —• e" + 37Ar . (43) 

The threshold of this process is Em = 0.81 MeV. Thus mainly 8B and 7Be 
neutrinos are detected in this experiment (according to the standard solar 
model (SSM) the contributions of 8B and 7Be neutrinos to the total rate are 
77% and 14%, respectively). 

In the radiochemical GALLEX [8] and SAGE [9] experiments solar zVs are 
detected through the observation of the reaction 

i / e + 7 1 G a — + e - + 7 1 G e , (44) 

whose threshold is Eth = 0.23 MeV. Hence neutrinos from all sources can be 
detected by these experiments. According to the SSM, the contributions of pp, 
7Be and 8 B neutrinos to the total rate are, respectively, 54%, 27%, 10%. 

Finally, in the direct-counting Kamiokande [10] and super-Kamiokande [11] 
experiments, solar neutrinos are detected by the observation of recoil electrons 
from the process 

ut + e —• ue + e . (45) 

Due to the high energy threshold (Eth - 7 MeV in the Kamiokande experi­
ment; in the super-Kamiokande one £ th = 6.5 MeV and in the most recent 
runs Eth = 5.5 MeV) mainly 8B neutrinos are detected in these experiments. 

As is seen from Table 2, the observed rates in all solar-neutrino experiments 
are significantly smaller than the predicted rates. The existing data can not 
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be described if we assume that P{ve -* ve) = 1, even when the total fluxes 
Φι are left as free fitting parameters (there are no acceptable fits at 99.99% 
confidence level [27]). 

Instead, the data presented in Table 2 can be accounted for by assuming that 
there is a two-neutrino mixing (if the SSM values for the neutrino fluxes Φ; are 
used). In the case of ue -> νμ (or vT) transitions the following best-fit values 
of the oscillation parameters were obtained [26] 

• small mixing angle MSW solution 

sin2 20 = 5 χ IO"3, Am2 = 7.1 x 10~6 eV2; 

confidence level = 1.6% . 

• large mixing angle MSW solution 

sin2 20 = 0.7, Am2 = 2.8 x 10"5 eV2; 

confidence level = 1.2% . 

• vacuum oscillation solution 

sin2 20 = 0.89, Am2 = 4.3 χ IO" 1 0 eV2; 

confidence level = 9.9% . 

(46) 

(47) 

(48) 

These solutions were obtained by fitting the data, presented in Table 2, to­
gether with the super-Kamiokande data on the measurement of the spectrum 
of recoil electrons in ve —» ve scattering. 

In the near future two new solar-neutrino experiments, SNO [16] and Borexino 
[17], will be started. In the SNO experiment (heavy water Cerenkov detector, 
1 kton of D 2 0) solar neutrinos will be detected by measuring the CC process 

ve d —y e~ pp , (49) 

as well as the NC one 

vd —> vnp , (50) 

and the process 

ν e —> i/ee . (51) 
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Owing to the high energy threshold (Eth - 5 MeV for the processes (49) and 
(51) and Eth = 2.2 MeV for the NC process (50)), mainly 8 B neutrinos will 
be detected in this experiment. 

By measuring the electron energy in the CC process (49) it will be possible to 
determine the spectrum of the solar i/e's on Earth. Moreover the detection of 
solar neutrinos through the observation of the NC process (50) (the neutron 
will be detected) will allow us to obtain information on the flux of all active 
neutrinos, ve, νμ, vT on Earth. From the comparison of these data a model-
independent conclusion on the transitions of solar i/e's into other states can 
be drawn. 

In the Borexino experiment [17] (300 tons of liquid scintillator) the obser­
vation of the process ve -> ve will allow us to detect monochromatic 8 B 
neutrinos, with energy E — 0.86 MeV. The threshold for the detection of the 
recoil electrons is Eth = 250 keV. The SSM predicts for this experiment ss 50 
events/day. In the case of vacuum oscillations, a significant seasonal variation 
of the number of events would be observed. 

4.3 LSND Experiment 

Only in one accelerator-neutrino experiment (LSND [12]) indications in favor 
of neutrino oscillations were found. This experiment was done at the Los 
Alamos linear accelerator (the proton energy being 800 MeV). Neutrinos were 
produced in the decays of π+ and μ+ at rest 

μ+ — > e+vevß . 

The large scintillator neutrino detector (LSND) was located at a distance of 
about 30 m from the neutrino source. The LSND Collaboration searched for 
Fe through the observation of the process 

ve+p —> e+ + η . (53) 

Both e + and delayed 7's from the capture np —» dj were detected. 

In the LSND experiment 33.9 ± 8.0 events were observed in the interval of e+ 

energies 30 < E < 60 MeV. If these events are due to νμ —> Ve oscillations, 
for the transition probability it was found 

Ρ(νμ -¥ Ve) = (0.31 ± 0.09 ± 0.06) χ 10"2 . (54) 
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It corresponds to the following allowed ranges of the oscillation parameters 

0.3 < Am2 < leV 2 , 
(55) 

2 χ IO"3 < sin2 20 < 4 χ IO"2 . 

These values do not contradict the data of other-neutrino oscillation experi­
ments, including those of the KARMEN Collaboration [29], searching for the 
^μ —> ve transition at the spallation neutron facility of the Rutherford Lab­
oratory. The LSND region of the oscillation parameters will be thoroughly 
investigated by the future BooNE [19] experiment at Fermilab. 

5 Neutrino Masses and Mixing from Oscillation Data 

From all existing neutrino-oscillation data, it follows that there are three dif­
ferent scales of Am2: hence in order to describe these data we must assume the 
existence of at least four massive neutrinos. If the data of the LSND experi­
ment should not be confirmed by future experiments, then it would be enough 
to assume the existence of three massive neutrinos only. We will consider both 
these possibilities. 

5.1 Mixing of Three Massive Neutrinos 

For the mixing of three massive neutrinos it is natural to assume the following 
mass hierarchy 

mi < m2 < m3 , 

with Amli and Am^ relevant for the oscillations of solar and atmospheric 
neutrinos, respectively. 

It is easy to see that for atmospheric and LBL neutrino-oscillation experiments 
the inequality 

Am\,L , , , 

- # - « 1 <56> 

holds. Hence, from (21), the va —• Vß transition probability becomes [30] 

Ρ Κ -+ Ρβ) = \Ααφ (l - cos ^φ^\ , (α* β); (57) 
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and the va survival probability is given by 

P(ua-*ua) = l- ΣΡ{να-ίνβ) 

- 1 - 5 ^ ( 1 - 0 0 · ^ ^ ) , (58) 

the oscillation amplitudes being 

A ^ = 4 | C / û 3 | 2 | ^ 3 | 2 , ( 5 9 ) 

5 a ; û = 4 | t / û 3 | 2( l - | t /a3 | 2)-

The expressions (57), (58) have the same form as the ones for two-neutrino 
transition probabilities, (26), (27). They describe, however, all possible tran­
sitions between three flavor neutrinos. 

Notice that, due to the unitarity of the mixing matrix, Σα=ε,μ,τ \Ua3\2 = 1· 
Thus, in the framework of three-neutrino mixing, the transition probabilities 
for the atmospheric and LBL neutrino experiments are described by three 
parameters: |t/ e 3 | 2, | ί/μ 3 | 2 and Ara31. 

Information on the parameter |?7e3|
2 can be obtained from the LBL experiment 

CHOOZ [31]. In this first reactor LBL experiment (the distance between the 
reactor and the detector being about 1 km) there were found no indications 
in favor of neutrino oscillations. The ratio R between the number of observed 
events and the number of predicted events (under the assumption that there 
are no oscillations) was found to be 

R = 0.98 ± 0.04 ± 0.04 . (60) 

From the results of the experiment the CHOOZ Collaboration obtained the 
exclusion plot in the plane of the parameters (sin2 20, Am2). It was shown that 
the region 

0.2 < sin2 20CHOOZ < 1 , 

Am2

3l > 2 χ 10"3 eV2 , 

is excluded. 
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From (59) it is easy to see that the parameter \Ue3\2 is connected with the 
amplitude Be.e by the relation 

\UeZ\2 = \ ( l ± y/l-Beiß) . (62) 

From the exclusion curve of the CHOOZ experiment in the region Am^ > 
2 χ 10 - 3 eV2 the following upper bound can be obtained 

Be;e < B°e;e, (63) 

the values B%e = (sin2
 20)CHOOZ depending on Am^. From (62) and (63) the 

parameter |?7e3|2 turns out to be subject to the conditions [32] 

\Uez\2<a0 or \Ue3\
2 > 1 - a°e , (64) 

where 

a°e = 1 (l - JÏ^BQ . (65) 

At Am2·! > 2 χ 10 - 3 eV2 the CHOOZ exclusion curve entails B°;e < 0.18 and 
hence 

l^ea!2 < 5 x 1(Γ2 or \Ue3\
2 > 0.95. (66) 

Large values of \Ue3\
2 are excluded by the results of solar-neutrino experiments. 

Indeed for the probability of solar neutrinos to survive we have [33] 

psolar ( l / e _> ^ = ^ _ ^ f ) 2 ρ(1,2)(^ _ , ^ + ^ 4 ? ( 6 ? ) 

where P(1,2)(i/e —> i/e) is the transition probability due to the coupling of vt 

to vY,v2. If |i7e 3 |
2 > 0.95 then P s o l a r(i/ e -> i/e) > 0.90, a result which is not 

compatible with the outcome of solar-neutrino experiments. Hence we come 
to the conclusion that 

j[/e3|
2 < 5 χ 10"2 . (68) 

From the data of atmospheric-neutrino experiments it also follows that the 
element |Z7e3|2 is small in the region 10~3 < Δτη^ < 8 χ IO - 3 eV2: in these 
experiments there is no indication in favor of νμ —» ve oscillations; moreover 
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the amplitude of νμ -* ντ oscillations is close to the maximum allowed value, 
which means that \UßZ\2 ~ \UTZ\2 s 1/2 and \Ue3\

2 ~ 0. 

The unitary 3x3 matrix U is characterized by three mixing angles, θ12, öi3,023, 
and one phase, φ. The condition Uez ^ 0 is equivalent to #i3 s 0; in this case 
the phase is irrelevant and the remaining angles #12 and #23 c a n D e determined 
from solar- and atmospheric-neutrino data, respectively (the oscillations of 
solar and atmospheric neutrinos are decoupled [32]). 

5.2 Mixing of Four Massive Neutrinos 

Two types of mass spectra are possible in the presence of three scales for Am2 

(Amltm ~ IO"3 eV2, Ams

2

olar ~ 10"5 eV2 (10"1 0 eV2), Am 2

S N D ~ 1 eV2). In 
the spectra of the first type a group of three close masses is separated from 
the fourth one by the 'LSND gap' of about 1 eV. In the spectra of the second 
type two pairs of close masses are separated by a ~ 1 eV gap. 

Neutrino mass spectra of the first type are not compatible with the data of 
neutrino-oscillation experiments [34,35]. In fact let us consider the case of a 
mass hierarchy of four neutrinos. In SBL experiments Am2

ilL/2p <C 1 and 
Am2

1L/2p <C 1; in this situation, from (21) for the va -> v$ transition proba­
bility, we can obtain expressions similar to (57)-(59), providing the following 
replacements are performed: Uaz —> £/Q4, Ara2^ —» Απι\γ. Furthermore, taking 
into account solar- and atmospheric-neutrino data, we have, in analogy with 
(68) 

\Ua4Ì2<a°a: {α = ε,μ). (69) 

Here 

< = 5 (l - \Λ - 3Ü) (70) 

and B^.a can be found from the exclusion curves of SBL reactor and accelerator 
disappearance experiments. We get 

<z° < 4 χ 10"2 for Ami > 0.1 eV2 , 

a ^ < 2 x l 0 " 1 for Am\x > 0.3eV2 . 

For the amplitude of SBL νμ —> ve transitions we have the following upper 
bound 

Αμ,β = 4|£44 |
2 |£/μ 4 |

2 < 4αξα°μ . (72) 
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atm solar 

(A) mi < m2 <: m 3 < m4 

LSND 
solar atm 

( B ) ΤΠχ < 7712 <C 7713 < 77Î4 

LSND 

Fig. 1. The schemes (A) and (B) for the neutrino mass spectrum discussed in the 
text 
However it can be shown [34,36] that the quantity 4α°α° is too small to be 
compatible with the allowed region in the plot obtained by the LSND Col­
laboration. The same considerations apply to all other spectra of the first 
type. 

Only two schemes of mixing of four massive neutrinos (A and B), with the 
mass spectra shown in Fig. 1, can describe all existing neutrino-oscillation 
data. In these schemes, in place of the inequality (69), we have 

Ei-i 2 \Uei\2 < a° Efc-^4 \Uek\
2 < a° 

Σ * = 3 , 4 Ι Μ 2 < < E i = i , 2 | t y 2 < < 

In both schemes, for the amplitude of the SBL νμ —>• ve transition we have the 
following upper bound 

A»;e < 4 Σ Peil' * Σ M-P < 4 m Ì n (^ <) · (74) 
»=1,2 «β 1,2 

This bound is linear in the (small) quantities a® and a£ and is compatible with 
the LSND results. 

The above schemes of mixing of four neutrinos suggests the existence of a 
sterile neutrino. Taking into account the big bang nucleosynthesis constraint 
on the effective number of neutrinos, it can be shown [35,37] that in both 
schemes A and Β the dominant transition of solar neutrinos is the ve —> vs 

one and the dominant transition of atmospheric neutrinos is νμ —> ντ. These 
predictions will be tested by future solar, atmospheric and LBL experiments. 

6 Conclusions 

The latest discoveries opened a new era in neutrino physics: massive and mixed 
neutrinos became real physical objects. Many new experiments must be im-
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plemented to investigate further neutrino properties and to reveal the physics 
which governs them. Undoubtedly the investigation of neutrino properties is 
one of the most important directions in the search for new physics. 

Neutrino physics could also greatly help in solving other problems. One ex­
ample is the so-called problem of the spin of the nucléon, which is connected 
with the strange content of the nucléon. The detailed investigation of NC 
neutrino-induced processes and, specifically, elastic neutrino (antineutrino)-
proton scattering could allow us to obtain model-independent information on 
the strange form factors of the nucléon [38]. Here the neutrino plays the role 
of a probe to test the hadronic structure at a high level of precision: for this 
a deep knowledge of the structure of the neutrino currents is required. 
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