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DERIVATION OF THE NUCLEAR LEVEL DENSITY DISTRIBUTION
AND THE PARTITION FUNCTION

(%3
C.Syros aND ELivADAS

LABORATORY OF NUCLEAR TECHNOLOGY
UNiVERSITY oF PATRAS
26110 PATRAS.GREECE

ABSTRACT: The nuclear density matrix and the partition function
have been derived from Generalized Random Quantum Field Theory.
The nuclear level density distridbution has been deduced as «
function of the energy level density. The temperature follows

as a functional of the nuclear interaction Hamiltonian.

1 INTRODUCTION
present a derivation of thse
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o NMucleayr Phyveiocs ars the Hermi-

n
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fundamental point of view .
Bacantly,the problem of the level density and level spacing

systematically investigated by O.Bohi-

and by Q.Rohigas.and H.A. Weidenmul~

ler™in the framework of the non—-linear systems with chacs pro-

The =ztatistical properities of the above mentioned nuclesr
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onstitute still today an  important problem
For the Fhysics of the nucleus,and the present paper aims at
presenting =ome new developments of the density matrix of the

nucleus which directly involves the density of the rnuclear

The statistical properties of the nucleus seen from the
point of view of more recent theories 1s related to the
fundamental problem of macroscopic irreversibility of svystems
whose microscopic behavior is time-reversal invariant.

This will be made clear on the basis of a theory developed
recently starting from the second gquantized representation of
the statz vector of the nucleus and the assumption that the
Lagrangian density is an infinitely divisible generalized
random field.

In zsect.2 the ensemble theories of the nucleus are briefly

reviewed in order to compare the results with our theory.In

zecht.3

the connection between the level density distribution

o1}

nd the guantum thecry iz discussed.In sect.4 the statistical
evolution operatorlxais given and the nuclear density mati i
and the partition function of the nucleus are derived.

In sect.S the density matrix is derived in dependence on the
level density.while in sect.é the partition function on the

nucleus i1s given.Finally,in sect.7 some conclusions and s diz-

AFe Qivern,
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2 THE ENSEMBLE THEORY OF THE NUCLEAR LEVEL
DENSITY DISTRIBUTION

mEtric 1= dfined by
2 . +. i
ds"= TridH dH 1, (2.1

are the increments of the elementz H I of M.

“®a
(Z.1) written ocut reads
2 N 2
ds” = )
T (dHuv)
“, o=l
N N
- z {dM _‘;2 + 2 z {dN )2 (2.2
[ 3] ek :
Ml “, »ml

k<w
the esxdpressicon (2.2) with the line element in

a
2 N
ds” = dx dx (2.3
z 8;&» woow - i -
“,rml
whR metric tsEr=or in (Z2.2) can be determined.
f g iz » the volume element (the meazurs) iz
gl o
1,2 "
dV = (detg) "dx dx_...dx . (E.4)
12 N
sIzcoraingly.the differential probability follows fFrom
L. Zr-dZo2r in the form
~N(N-1)/4
AP = PH . H . ...H y =N dH dM . ..dH )
11 12 N-1 N 11 12 N-1 N

{(2.3) 1=z =zubsequently diagonalized

torthcoonal sunitary,seymplactic)

sfrficient PH M . ...H ) in &V whiich i
11" 12 N-1N

ities characterized by the propertiss

MErCrmation matricss.

Formation thne prob
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.2
: tH - E I o bermipiry
PiH) = ———~ dot|lexp(- ) {205
: 2. N(N+1)/2 p( ) a
idpa
In a similar - Forter the uni
Tary
2 .2
1 TriH — E I} Wnitar
siaw o o LAY SEN s
PiM) & — exp(— —-—-——-—) _‘;-5. (2. 73
a2 2 ensemble
2.N 4a
{4t \

TrH - ED® cvmp

iHY = o e — e 4

P 2 exp ( 2 ) enser
2. (2N -N)~-2 4a

{4na
enzsembles.

The usefulness of all above ensembles consists in that they
allow to calculate the expectation value of the evolution
operator of the rucleus with a view of obtaining,among other
things.a kind of Boltzmann exponential factor in the energy
level distribution functiorn of the nucleus.

If orne considers, for example,the 1x! Gaussian ensemble

1 o~ EOI)Z Gaussian s
P/H) = —— exp(— _— )] ; (2«9

2. 1/2 2 ensemble
(dra™: 4a

then the expectation value is found

cexp(~tHt/h) > = expl—(at /)21,

This is not of particular interest, because,if one makes
replacement tt/h+1/ {(RT),then one gets a guadratic furmction of
the inverse tempzrature (hT}~zin the exponent instead of 1/kT
which is typical for statistical mechanics.The result (T2
does not agree with the Boltzmann distribution form.

It.instead,one uses the Lorentzian distribution.

P(H) = ! 1 {Lorentzian ensemble), (2.114)

<A 4+ W74
then one gets the very interesting result

Lexp(—tHt/h) > = exp[—Ealt]/h]. (2.12)
By identifving 2a with the imaginary part of the interact-
icn potential in the Hamiltonian N one gets the decay inters-—
ity of the averaged probability amplitude
| exp (~tHt/h) = |2 = expl-2W|t|/h] (2, 13
and the mean life time of the corresponding state

T = h/Z2W. (. 14
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o¥ the theory briefly reviewed is to Finpd
g (e hai/IRTY into the nuclear  theory,and

==ion Foir both the density matrix  and  the

the nuclear states.

justification of the replacement {t/h>»i/(RT) i= & major

IF
i
o
=

in Physics,because it solves the great problem of obtai-
ning irreversibility in Thermodynamics from time reversal in-

variarnt esguations governing the constituens of matter.

3 THE PHYSICAL CONNECTION BETWEEN THE LEVEL DENSITY
DISTRIBUTION AND THE QUANTUM THEORY
The results of sect. 2 are,no doubt,extremely beautiful and
mathematically very appealing.However,.much effort of interpre-—
tation is required to elucidate the physical content of the

various kinds of transformations by matrices needed to obtain

In addition.the replacement it+—t or,equivalently.
it/h » 1/(RT) (2.0
of the real time by the temperature is a basic counter hypo-
thezis to very imporitant parts of Physics.

ar 2vample,if one introduces (Z.1) to the Relativity,.then

ously many nice and important established physical results

are sgpoiled.We =hall not elaborate further on the physical
quences and the gensral viability of (3.1).

D the other hand.since the results of the ensemble theory
for the mnuclear level density distribution are meanwhile very
well established by nice experiments in many areas of
Fhyeics,there ie little doubt about the correctness of P(N) as

:matical repressntations of nuclear energy level densi-

situation iz, however,different with the physical relie-
vance of their derivation.Becaus= it is not obviocus that there
should ke an intrinsic relationship between the Riemann space
matric {g“”} and the erneray level density distribut:on funchti-
an ofFf the atonic nucleus.

It 1=

oF great interest ko Fingd a0 difFersnt way

izEning PIMY or zaimilar.more general euprecssions Sor
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disoribution function which, nowever  would oe
Me hasic physical theoriss 12, 8.0 the
L M =kl space.
A wey to ey out bhis progran was discoverad re:entiy‘ O

s theory of Statistical Mechanics based on Quantum

associated with the Gerneralized Random Fteldss.
This new theory not only avoids the physically unclear rep—
4=

lacament (2.1 ,but 1 alzo allows to introduce the:

il 1/knT in the exponent,
i1l mean life time of states,
iii} level density into the distribution function,

.
<

temperature as a functional of the interaction

Hamiltonian.

i

Thiz is done by deriving the Statistical Mechanics and th
Thermodynamice of the nucleus from Quantum Field Theoryo. Here
are given only the main prereguisites for the derivation of the
density matrix and the partition function from which the ther-

-

modynamics of the nucleus follows.

4 THE DESCRIPTION OF THE NUCLEUS EVOLUTION
The evolution operator as given in OFT is used to derive an

; , ?
evolution operator for the Generalized Random Quantun Fields :

t -
expl - h_‘J‘dZHI(t)+A(Q,1)], dissipative (a)
i 5
Uit t*) = 2 (4,10

t
expl-th s din (D) +A(g.2)1.conservative (b,
|

whera

~ . -1 Cled
(g.0) = o) A+ .
Alg.o Alg, o) + h E Ho [rmm_‘+ Tmmd]

Ain, oy + h“Ho. (t=t ) ,0 = 1,2. (4,7

It

and HOIE the constant part of the free field Hamilteonian plus
any time—-independent energy part equal to its value at the =ng

of the last transition.Ain.o) takes the following values:
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i} dissipative transitions:

Ty 1 N ) .

Ain, L)y=ng w1th,q=—2 n =0,-2,-4,-4... forwards in time. {al

: ) Entl : o . .

Alg,li=ng with,q = “=——, n = 1,3.5,7... backwards in time, (b}
1i} conservative transitions: (4.3

Aig.2)=ng with,g = n, n= 0,~-2,-4,-6... forwards in time, (c}

- -

Alg.2)=rg with.g = n, n= 1,3,5,7,9 ... backwards in time, (d!}
where the choice of the signs insures energy renormalization.

The statistical evolution operator can be obtained’ from
(4,13 .The basic idea is that in order to make Statistical Me-
chamice one has not to average the state vector of the nucleus
itself,but rather to average the time evolution by acting on
the =tates vector by an appropriately averaged evolution opera—
jollin) g™

This averaged operator,the statistical evolution operator
X.1s obtained from the Generalized Random Quantum Field evolu-

tion operator by geometrically averaging it:

-

1/N
It t7) = [u(t Wt VoL WLt UL .t')] (4.4)
N° N-1 2 1 1°

Here N is the number of transitions in the nucleus during
the time interval Le¢ ", t] with t‘{cti...{tu=z.

The so defined operator acts on $(t") in the following way:
TPt - e

A - 5
=z s noakde Rk, R gma’ (R) (o, (4.5
= _{:'— »= P m -3 »
where
”~ N -
S = -2 T on ()de s n o+ AN, (4.6)
This becomes under the trace operation
tr 8= - g n{®) LT, g F(® gy,
A=1 Imm-1 mm-— 1

and Hx(t) is the minimal time dependent part of the interacticn
Hamiltonian varying inside the time interval of the A—th tran-
sition.The energy eigenvalues included in A are calculated us-
ing the time independent Schrédinger equation
HVER o0 = g 02 o,
m mn m
whers HIXN) eguals the maximal constant part of KN(t) for

tef e+t . t+rt +r TR g,
b S A
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t .
T Ly within the a-th nucleon

le martiita

according to the partic

eoid-auant ian state vector is found from Ths

time dependent Z:ohirddingesr eguation

the ¢ ity = Hie1e' ™ ey, telt+t ., t+t +7 747
) t kS kS m
by calculating the transition rate per unit time
w = zah e M, 7e o0 | Pe (B (3.7
m m-1 f m

Hlere A snumerates the transitions in the nucleus,the depen-
dernce of m and ¢ on A i~ not indicated and F is the transiticon
matringuk dizappears in the final results due to Ss.

The state vector (4.5) describes the time behavior of a s=t
of hypothetical nucleons one for each a-sub-set averaging the
behavior of the real nuclieons in the nucleus.

This form of the ztate vector will be used to construct ©h

iy

density matrix for both equilibrium and non—-squilibrium states

of the nucleus.

5 THE NUCLEAR LEVEL DENSITY DISTRIBUTION

We shall now construct the density matrix for both the non-
squilibrium and for the =2quilibrium states.This would reguire
according to the conventional approach,the ad hoc introducticn

A 10 .
as a rule,of a set of probability factors {u%} " which e

borrowed from the Gibbs or Boltzmann theories *7

In the present case these factors follow directly from bhs
evolution operator making the theory self-contained.

I+ we wizsh to obtain the expression far the density matrix
in dependence of the level density we have to consider the
nucleus going thirough a set of states undergoing transiticns
till it reaches the equilibrium state.This is done by !s.

12 s )
Therefore,the state vector Iw(m;x;t); is considered under

the action of Esqwhere x = {xl,xz,...xA} and {m) is the set of

1§l

quantum numbers respectively over which the A particles are
partitioned.

The nuclsus state vector at the initial time iz written ac

[Tz e "y = |® () (E. 10
<m)>
)__12
- b

Wit
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’

A
e (yr = T (-0 ®ppl® g,
<m> o=1 <m)>
P 1z the permutation operator and
4 o +-
ple) = —— morar?e SRR e va (R 00
m _{——- »= »
!
c(a)(t§¢m(x1)n,.¢mixa) and {g(x )} ore particle
1 - 3
zlear that the guantum numbsr m differs

of the particle number a.

operator Wix,x"? is introduced in the

LW O gt )W (xit) | m eRin) (5.2
m m

mea(x)

dissipative action X_of X_ on Wix,x 3t,t") is required,

The

because the conservative 3: would conserve the energy.and con-
ztant ensrgy transiticons do not contribute,strictly speaking,
. N
to the evelution of anything.uUnder the trace operation *we get
d _ " (x) “tr(a) _ - =
tr Is = ¥ ¥ expl c‘-.‘mm_11'““"‘1 Am]. (5.72)
mENR(L) o
A takes values according to (4.3a),m’is any of the eigenvalue
quantum numbers of MIX}).and
() tr(a)y-1 () _tr(ex)
E = : =
(z -~ L E it s (

mn mn
meER(A ) meQ(r)

i

;_tr(ai}: N—:l. 2: Ttr(a).

a (5.3)
2(2)

mea(x)
zet QiA; contains the part of the energy spectrum taken

v the svetem during the time t'+£x,and the value of the index

s covresponds to QINY .

To make clzar the meaning of E() apg 7tr ()
Q(a) Q(x)
that,if the =zvstem i= in s stationary state,then

it 15 ohserved

Flo) gl pr e o, JLrile) (5. &)
Q(r) m ({x) mn

angd the average energy over the transition times of sach mem -

of bthe particle sub-set a equals eventually the energ

mooy 1t 1n the asymptotic ate. Similarly. the average
- ime =auale the otic transiticn time.
matrix pix.x’3t}, is abtained by acting by the

cilution operator.I L on the Schwinger aperatar

d
S
" -1 4 ; . . N
pPix.x 1t} = 3 .IEHIB'X.X A A (a7
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ey ouzing (8.7 it follows fthat
den
tr BB x et =tr §OL W e r ey nawt )
mea « m
- ; . F_pT1E(e) Ztr(e) vy 4 o
b L xia.miexpli—h Emm—1Tmm—1 Am_ S
mER(A) o & 2
wWiere xlo,m) = ,iw(a){x,&)lw( )(x,t}}|
- m m
In (5.3) the probability factor expl-h TE(®) Ftr(a) 3 - ..
mm—1 mm-1 m
! = -t
automatically renormalized,=ince from the exponent EL) GuFE)

mm-414 mm-141

5 . (o —-— (tr) s 2
+iH 5. L) L +T 1 the term mh.g is subtracted according
o mm-1 mm- 1 mm-1 -

to (4.3a3) for transitions forward in time.
Now,from (5.8) it is easy to get the energy level denzity

distribution.To this end we find from the reaction theaory the
s G < tri = . ;
transition time t . as a functional of the interaction e
mm-—

ergy according to (4.7)

tr (&
RN
mm-— 4

-1
[2nh"|c‘“’<x> e o0 |20 (B >] . {5.9)
m m—4 f m

From (5.8) and (5.9) one finds 3[pf(E)] from the density
matrix which i1s the partition function of the nucleus a= =
function of the nuclear energy level density per unit energy:

3LpiEY] = tr pix,x ,t) = trx:m(x.x';t,t) =
E(a)
T T xla.m).exp|- oot -4 (5,100

m
mER] o

2 |ef o0 7e S o0 % (£ )

Here (c;a)(k),ib;“:(x)) iz the time averaged matrix element
of the perturbation corresponding to the A-th transition azzo-

ciated with the state m.

Expression (5.10) is the sought level density distribution
function.Comparison of (2.6)—-{(2.11) with expression (5.10]

showz that the latter is

L

ust the energy dependence which faol-

liows from the Lorent:z ensemble.

6 THE NUCLEAR PARTITION FUNCTION
The nuclear partition function is obtained as the normali-

zing factor 3 of thez density matrix tr pix,.x’ 3t)= 1

3 = tr Zd..mi.xﬂx':tqt). b L
s



-173-

it M e = 6 8 L _klawm)  m,m XN (6.3
m
1t Follows that

tr pix,x":ty =3"* ¢ T xia.miexpl—h~ E(“)1 —;;f?) ~ 41,
mMEQ(A ) xmo
From (5.9) and from the normalization tr pix,x’;t!) = 1 it
follows for the thermodynamic partition function 3:(T)
A
e _Fla / tr(ex), _ . (L. =3
3T = F T xta.m).expl Emm (R Tmm_1 ) A1 (G T
meEQ(A) oamo

— -1
T’.r (a.)) - ‘h{‘!‘tr (a)hn]

mm- 41 mm~ 41

1]

-1
[Enh el ), 7e ) ) |20 (E )] (6.4)
B! m m-4 f m

is the temperature holding in the a~th sub—-set of the nucleus
during the transition from the state m—1 to m.The global
nuclesr temperature follows if we define a temperature opera-

tor T by
-1 e r (o) F() tr (o) b
tr Tp = 3 - m) T ex’E /\kT Yy = Al3,
e mgn(’uagox mm=1 P ™= B mm-4
tr(o)
-1
Clearly.the partition function of the evolving nucleus with-

which, assuming that T =T for all a and m,becomes trfp =T.

in the zet of states XN) . .describes a non—equilibrium state.if
QiA} changss with time.In any casze,the partition function in-
valves the actually occupied set of states by the nucleus.

7 DISCUSSION AND CONCLUSIONS

Baced on the method of the Generalized Random Quantum
Fields developed recently the density matrix of the nucleus
has been derived.From this the nuclear level density distribu-
ticn of the nuclear levels has been deduced.

The stochastic behavior of the nucleus follows naturally
from the assumption that the Lagrangian density of the field
iz a generalized.infinitsly divisible,randem field.

= new Formoor bthe svolotion operator has been derived whic

i
&

e conservative or dissipative depending on  the kindg

il
-+

dlatzd guantization of the field action.
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noth the conzervative and the

are dafined in  the Minkc

atign-is not required for going

the Eucledian metric.irreversibility follows awutomaticsa

Thiz made 1t gpossibles to derive the density matrix and the
partition function in  the framework of the guantum field
theory in the Minkowski space.

Thus,the nuclear temperature is defined as a functicnal of
the nuclear perturbation Hamiltonian.

The density matrix and the partition function follow in &
unified way by application of the evolution operator on  the

sgcond-gquantization state vector of the system.
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