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The harmonic oscillator energy level spacing for neutrons and protons in nuclei *

G. A. Lalazissis and C. P. Panos

Department of Theoretical Physics, Aristotle University of Thessaloniki
54006 Thessaloniki, Greece

Abstract

Approximate expressions of hw for neutrons and protons separately, as functions of the
neutron number N and the proton number Z respectively, are derived. The dependence of
hwa(hwp) on N(Z) is established using a rather recently proposed semi-phenomenological
density distribution based on the separation energies of the last neutron or proton. The
corresponding curves of fuw show “discontinuities in the slope” at the closed shells through-
out the periodic table. The difference hw, — Aw, is also discussed.

1. Introduction

The harmonic oscillator energy level spacing for nucleons hwpn as function of the mass
number A of nuclei is given by the well known formula hwy = fA~!/3, where f =
2(;"5;3)(%)‘/3 ~ 41MeV (r, ~ 1.2fm) [1,2]. Various modifications of the above ex-
pression have been proposed [3-6]. More recently Daskaloyannis et al. [7] studied in detail”
the variation of hwy with A for nucleons (i.e without distiguishing neutrons from protons)
and obtained improved approximate expressions. The most important point was that those
expressions show “discontinuities in the slope” in the curve of Awy as function of A at the
doubly closed shells (A=16 and 40). The authors of ref. 7 removed some approximations
made in other previous works: they considered the possibility of nuclei with valence nucle-
ons as in 8] without making any approximation in relating the number of the highest filled
shell K to the mass number (see also [9]). The centre of mass and finite size corrections

were also taken into account in the usual way.

* Presented by C.P. Panos
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The purpose of the present paper is to give approximate expressions for hw,, fuw, for
neutrons and protons independently, using theoretical values R}™*, R;™* for the rms
radii of neutrons and protons respectively, determined from a recently proposed semi-
phenomenological density distribution by Gambhir and Patil [10]. This density is related
to experiment by means of the separation energy of the last neutron (proton) while the
detailed investigation of fwx for nucleons of {7] was based on the Fermi density distribution
with parameters determined by fitting to the experimental values of the rms radii. The
calculation of Aw, was not possible with the formalism of [7] because experimental values
of the rms radii of neutrons are not available. In addition, Aw, might be useful for an
improved study of the difference A = hw,- hwy instead of A = hwn- hwy, since the
A hyperon in the nucleus behaves very much like a neutron, a neutron however, with
an additional quantum number the strangeness (S=-1), which makes it a distinguishable
particle [12,13]. It is also interesting to observe the “discontinuities in the slope” in the
curves of iwyn, hw, as functions of N,Z respectively at the closed shells for nuclei with
A > 40.

In section 2 the density distribution proposed by Gabhir and Patil is reviewed, while in
section 3 the formalism for Awn, (fiw,) is considered together with their expansions in

powers of N, (Z). Finally, in section 4 numerical results are given and discussed.

2. The density distribution of Gambhir and Patil

Gambhir and Patil[10] proposed a simple semi-phenomenological density distribution for

neutrons and protons of the form:

Pi
— (2.1)

Pi("')= TR
L4 Bill + (i )?le o e o]

where i=n or p (for neutrons or protons), R is a measure of the size of the nucleus and
a; and «; are given in terms of the separation energy E; of the last particle (neutron or

proton) by the equations:

NS T i I 9.9
= S omE, “=w\VaE T (22

where q=0 for neutrons and q=Z-1 for protons. The above p;(r) has two important

features: 1. Its central behaviour is dictated by the fact that it has a vanishing slope
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for r=0 which means that its power series expansion contains only terms with even powers
of ri. 2. It shows the correct asymptotic behaviour of the density of the particles in a

nucleus given by :

pr) = eap(m)  for oo (2.3)

We also note that in order to identify R with the half-density radius, ; is taken to be :

Bi= L+ (VI (24)

The nuclear size R determines the half-density radius for both neutrons and protons.
In the method of Gambhir and Patil the unknown parameters are pn, p, and R. Two of

these are determined from the normalization:

41r/pn(r)r2dr =N

(2.5)
47r/pp(r)r2dr =2

while p, is taken to be the same for all nuclei, namely: p, ~ 0.09/fm?, which gives the
observed rms radius for the charge density in 2°® Pb. This approximation was removed in
a next paper [11] but the results showed that p,=constant is & good approximation.

The integrals in (2.5) as well as the integrations for the rms radius have to be calculated

numerically. However, the following analytic expressions were found:

t

3 .
41r/p,-(r)7‘2dr ~ 41_#%0_'-(1 + ) (2.6)
< r? >~ R*(0.6 + 1.4z7) (2.7)
where
T

(2.8)
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The results of Gambhir and Patil and our detailed calculations showed that the above

approximations are very satisfactory.

3. Formalisiu {ui /w uf neutrons and protons

The average harmonic oscillator shell model square radius for nucleons may be written (7]

as follows: "
B 4Y (P +1/2)N(p) + (K + I)n
v 45pm N(p) + 1

T - (3.1

where K is the number of the highest filled shell, n the number of valence nucleons and K

is determined by the solution of the equation:

K K
4) Np)+n=2) (P+p)+n=4 (3:2)
p=1 p=1
It is found that K satisfies the equation :
%K(K FEK+2)4n=4 (3.3)

and the corresponding third order equation can be solved exactly to find K as function of
A (relation (4) of [7]).

Using expression (3.1) we obtain for hwy of nucleons :

2

3 1 2
hwy = 7 (K +1)A+ 5n)+ = <> —(<r2>+ <> (34)

m NA
where (< 72 > + < r2 >)=0.659 fm? is due to proton and neutron finite size effects and
the constant term -2 in the nominator comes from the correction due to the centre of mass
motion.

The relation of hwy with A was established [7] by means of a (phenomenological) Fermi

density distribution:

pr) = +” = (3.5)

which leads to
Tr2a?

3

3
<rt>= (et + ) (36)
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The parameters of the Fermi distribution p, , a were determined in 7] by fitting to values

of hwy reproducing the experimental values of the charge rms radii of nuclei: < r? >(1:{,2

or directly to < r? >:_,<2. The value of the central density p, was taken to be independent
of the mass number A.

In the present paper we use theoretical values R;™* and R,™ derived from the density
distribution of Gabhir and Patil, separately for neutrons and protons instead of using
experimental < r? >1,/.2 as in [7]. The corresponding expressions for hwy, hwp (harmonic
oscillator energy level spacing for neutrons and protons respectively) are:

o, = (P En £ DYV + §m0) + 3 — 2]

T 4 'm,N <r?>
(3.7)
ooy = (2 [ +1)(Z + 5my) + iy = F
“r= iz <r2>

The above expressions are derived if we consider the harmonic oscillator states of N neu-
trons (or Z protons) in the nucleus of mass number A=N+Z aud a straightforward modifi-
cation of expression (3.4). K, (K,) is the number of the highest filled shell of the neutrons
(protons) and n, (np) is the number of the valence neutrons (protons). We also note that

K, (K,) satisfy the equations:

%KH(K,, +1)(Kn+2)+na=N
(3.8)

1
KoKy + 1)(Ey +2) 41, = 2

which can be solved in analogy with (3.3) to give K,, or K, as functions of N or Z respec-
tively. In expressions (3.7) the terms % and % are due to the centre of mass correction
and introduce an A dependence. It turns out, however, that this dependence is small and
has some effect only for very small A while for larger A (4 > 16) one can practically put
% e % s L,

The harmonic oscillator energy level spacings hwn, hw, can be estimated by substituting
to the denominators of expressions (3.7) the calculated values of < 72 > and < r > from
expression (2.7). However, this procedure does not permit a rather systematic study of

these quantities and it is not easy for practical use. Therefore, in order to have an estimate
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of the average trend of the variation of fwy, ang hw, with the neutron (N) and proton (Z)
numbers respectively, as well as a direct way of estimating these quantities, we proceed
as follows: The determination of hw for neutrons and protons separately is performed by

using as an input an expression for < r2 > and < r2 > of the form :
<12 >=Cin + C2u N?/3

(3.9)
< 1‘% >= ClP + Csz2/3

where the constants Cin,C2a,C1p, Cop are determined by fitting the theoretical values of
R;™, Ry™* derived from the density of Gambhir and Patil. In [7] hwy was determined
from experimental values of < r2 >2,{2 for nucleons and the determination of hw, was not
possible because experimental values for R[™* are not available. We may also note that
our choice for the functional dependence of < r2 > and < rf, > on N and Z respectively,
can be partly justified as follows : for neutrons one can combine relation (15) of [10],
namely R ~ 1.316N!/? with expression (2.7) giving a leading term of N?/3 for < r2 >,
while for protons expression (22) of [11] (R ~ 1.239Z'/%) combined with (2.7) gives again
a leading term Z2/2 for < r2 >. One cannot do better than this because z; depends on

the separation energies and its parametrization is difficult.

4, Numerical results and discussion

{
The calculations of Gabhir and Patil were carried out for a set of 13 nuclei. Their predic-

tions are shown in table 1 of [10]. We repeated the calculation for a larger set of nuclei
to cover the periodic table uniformly as much as possible. In table 1 we tabulate our
calculated values of the half-density radius R, and the neutron and proton rms radii (R;™*
and Ry™® respectively). One could compare our calculated values for R;™,R;™* with
the corresponding values derived from Hartree-Fock calculations (see for example [14])
which, however, were carried out for specific nuclei. In addition in the same table we
also present values of hwn, hw, calculated from (3.7) putting directly < r2 >1/2=Rrms
£ vl sHi=Rrme |

Next we fitted expressions (3.9) for < r2 >, < 7 > to the theoretical values of R;™*, Ry
of table 1 to determine the coefficients C;n,C2a, C1p,C2p. Their values are : C;,=1.6012,



e

C2n=1.3164, C1,=0.44446, C;,=1.6116.

Nucleus | R;™* (fm) | R;™® (fm) | R (fm) | hw, (MeV) | hw, (MeV)
180 2.74 2.64 2.49 11.92 12.72
2 Mg 3.02 2.89 2.93 12.09 12.83
8 3.13 3.00 3.11 11.80 12.50
30Ca 3.54 3.32 3.53 10.09 11.07
LT 3.58 3.67 3.83 10.05 10.20
52Cr 3.69 3.73 3.95 10.03 10.13
SN 3.85 3.79 4.05 9.78 9.92
82 7n 3.99 3.93 4.24 9.06 9.64
NZr 4.36 4.36 4.88 8.38 8.86
B3Nb 4.47 4.54 4.88 7.84 8.36
109 4¢ 4.66 4.74 5.21 7.98 8.14
185k 4.63 4.80 5.34 8.12 7.96
1387y 4.79 4.98 5.55 7.49 7.68
142 N7 4.99 5.09 5.78 7.44 7.62
197 Au 5.54 5.73 6.54 6.38 6.76
08y 558 5.92 6.62 6.42 6.48
2038 Ph 5.57 5.88 6.67 6.56 6.61

Table 1. The values of the rms radii R;ms, R;m”, and the half-density radius R calculated from
expressions (2.8), (2.7). The values of hw,, hw,, from (3.7) using the neutron and proton radii of

this table are also displayed.

Then < 72 >. < r; > are substituted to expressions (3.7) and hwy, hw, are calculated
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numerically for various values of N and Z. The dependence of hwn, hw, on N and Z
respectivelly , according to the results obtained in this paper is shown in figures 1 and 2

(solid lines).

5 . : . L N

0 40 80 120

Figure 1 The harmonic oscillator spacing /iy, as a function of N. The solid line

corresponds to expression (3.7) using relation (8.8), while the dashed one to expression (4.3)

We observe in both curves “discontinuities in the slope” at closed shells (without taking
into account the spin-orbit term). This feature was also observed in (7] in the case of
nucleons for the closed shells only at A=16 and 40. In the present work we are able to
observe the discontinuities in the slope at closed shells for both neutrons and protons across

the whole periodic table.
15

hwp (MeV)

L .

0] 20 40 60 80
Flgure 2 The harmonic oscillator spacing hw,, as a function of Z. The solid line

5

corresponds to expression (3.7) using relation (3.8), while the dashed one to expression (4.3)
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It is also noted that calculations for hw, are possible because the density of Gambhir and
Patil yields theoretical values for R;™’.
Expressions (3.7) for hw,, hw, with < r2 >, < rg > from (3.9) can be expanded in powers

of N or Z respectively. The following expansions are obtained:

3% R 1 N-1/3 ~2/3 —4f8 4 77 N5
hw, = 1+ kN + ko N + K3N +..] (4.1)
4 mn Czn
where
1 C
ey s [ S8 S
1 (3) o
2n 2N 1 C €2
—g-/3 &l 2Ty _(2ys/3Zim _ Zin 4.2
2nn

A similar expression holds for fiw, obtained by substituting N with Z and the subscript n
with p. The leading term of the expansions is N ™'/ or Z~!/3 as expected by the well-
known asymptotic formula holding for nucleons: 4147/3 (if we set A = 2N or A = 22).
Keeping the first two terms in equation (4.1) we find:

hw, = 34.1N~/3 —36.0N*

(4.3)
hw, = 27.92713 - 3,221

It is seen in expressions (4.1) and (4.2) that the first two terms of the expansions do not
depend on the number of the valence nucleons (nn,n,). In figures 1 and 2 are also shown
the curves (dashed lines) which correspond to expressions (4.3).

At this point it is also interesting to estimate the difference A=hw,-hwy. The A hyperon is
the lightest strange baryon, it is neutral and one could simulate it with a distinct neutron.
Therefore it seems more consistent to compare hwy with fiw, and not just with hwy for
a nucleon as in [15,16]. Though a reliable determination of A is not easy, our estimates
indicate that this difference is less than 3 MeV (for 4 > 16) and therefore the values of the

oscillator spacing of the A might not differ very much from those for a neutron. We note
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also that in [15,16] the difference A=hwy-hw, was estimated to be less than 2.5 MeV for

A > 16.
Nucleus hwn, huwp hwn hwy hwp
expr.(7) of [7] | expr.(33) of [17] | exprs.(3),(12) of [15]
180 13.01 12.98 13.06 11.11 11.15
24 Mg 12.69 | 12.15 12.85 9.75 10.09
w5 12.24 11.56 12.43 9.27 9.59
125 11.77 10.99 11.97 8.88 9.14
2Ca 10.86 9.98 11.09 8.26 8.36
IV E 10.06 9.23 10.42 7.32 7.10
8¢Zn 9.47 9.02 10.02 7.02 6.68
2T 8.69 8.03 9.18 6.34 5.74
L35n 8.03 7.60 8.63 5.87 5.08
18 Ba 7.49 7.32 8.06 5.51 4.59
20  Pb 6.56 6.43 7.19 4.81 3.67

Table 2. The values in Mev of hwa, hwp and ﬁwN for a number of nuclei. The values of th

correspond to hypernuclei with the same A and Z as the nuclei of this table (for details see text).

In table 2 we present for a number of nuclei values for fiwn, hw, calculated according to the

present approach (expr. (3.7) using (3.9)) and fuwn (column 4) calculated from ref.7 where

a Fermi distribution was employed (expr (7)). In column 5 we show results for fw, using

expression (33) of [17], which is based on the idea of using a sort of “ best approximation in

the mean of the A-nucleus potential by the harmonic oscillator one ”, where a dependence

of hwp = fA~1/3 appears. In column 6 we show values for fhw, determined by expressions
(3) and (12) of [15], which lead to a dependence hwy = fA~2/3. We recall that the problem
of the A dependence of hw, has attracted interest long ago [15-20] and it has been a matter
of controversy [19,20,24]. Recently Dover [25] discussed the A dependence of hwpy and Aw
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and connected it with the possibility for a indistinguishable A within a nucleus (partial
quark deconfinement due to s quark).

We should keep in mind, however, that in [7] A was estimated using hwy (for nucleons)
with parameters determined by fitting the rms radii of nuclei while in the present paper hwn,
is calculated by employing a density distribution with parameters coming from separation
energies of the last neutron or proton. In both cases hwa (which correspond to hypernuclei
with the same mass number A and atomic number Z, as the nuclei in column 1 of table 2)
is found by fitting to single particle ground state energies.

We also note that the experimental lowest spacing for a neutron or proton in 0'€ is roughly
twice that for the A and the situation is similar for Ca*? (see also ref. 26). Nethertheless
it seems that there are experimental uncertainties in the determination of these spacings,
which do not make easy a quantitative comparison between the lowest energy spacing for
a A and a nucleon.

In conclusion, we note that in the present paper approximate expressions for hw,(N),
huwp(Z) separately, are derived which may be used in practice. Such expressions are pro-
posed for the first time (to our knowledge) apart from ref. 27 where, however, the simplified
Moszkowski’s procedure was followed (i.e. using a uniform density distribution without
taking into account valence nucleons) and no numerical results were reported. Also expres-
sions of the form Awn(A4) = 35471/3, hw,(A) = 314~1/3 (suitable for rather heavy nuclei)
were derived in [28] in the framework of the liquid-drop model by least-squares fitting to

nuclear ground-state binding energies.
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