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Abstract

The new implementation of the Boltzmann-Uhling-Uhlenbeck equation, the VdWBUU simulation (with
EoS-dependent in-medium nucleon-nucleon cross sections) appears to reproduce the flow observables in the
Au+Au collisions in the energy range from 400 AMeV to 10 AGeV. The range of the feasible stiffness of the
EoS can be identified, based on the analysis presented here, as encompassing compressibilities starting from
250 - 260 MeV and above, and thus consistent with the results of re-analysis of the giant monopole resonance
data (250 - 310 MeV). Using that additional constraint, the range of feasible values of the stiffness of density
dependence can be set as γ = 1. − 1.25, with the value γ = 1 appearing as as a global value of stiffness
of the symmetry energy feasible over the whole range of constrained compressibilities. The implementation
of BUU with the free nucleon-nucleon cross sections can not describe correctly the global trends of flow
observables.

1. Introduction

One of the main goals of intermediate-energy heavy-ion collisions (HIC) is to study properties of nuclear
matter, especially to determine the nuclear equation of state (EoS). HIC provide a unique possibility to
compress nuclear matter to a hot and dense phase within a laboratory environment. The pressures that
result from the high densities achieved during such collisions strongly influence the motion of ejected matter
and are sensitive to the EoS. With the hard work of the researchers over the last three decades, the EoS of
symmetric nuclear matter was studied in detail by the study of giant resonances, collective flow as well as
multifragmentation [1–4]. The study of the EoS of isospin asymmetric nuclear matter is currently underway,
particularly, for the density dependence of symmetry energy. Considerable progress has been made in
determining the sub- and supra-saturation density behavior of the symmetry energy [5–12]. The latter issue
is still an unanswered question in spite of recent findings in term of neutron-proton elliptic flow ratio and
difference [10, 11]. However, the former topic is understood to some extent [5–8], although, more efforts are
needed for precise measurements.
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2. Boltzmann-Uehling-Uhlenbeck equation with EoS-dependent in-medium nucleon-nucleon
cross sections

A transport model is very useful to treat heavy ion collision dynamics and obtain important information
of nuclear matter EoS as well as the symmetry energy. In intermediate energy heavy ion collisions, the
Boltzmann-Uehling-Uhlenbeck (BUU) model is an extensively useful tool [13, 14], which takes both Pauli
blocking and mean field into consideration. The BUU equation reads

∂f

∂t
+ v ·∇rf −∇rU ·∇pf =

4

(2π)3

∫
d3p2d

3p3dΩ

dσNN

dΩ
v12 × [f3f4(1− f)(1− f2)− ff2(1− f3)(1− f4)]

δ3(p+ p2 − p3 − p4), (1)

where f=f(r, p, t) is the phase-space distribution function. It is solved with the test particle method of
Wong [15], with the collision term as introduced by Cugnon, Mizutani and Vandermeulen [16]. In Eq.( 1),
dσNN
dΩ and v12 are in-medium nucleon-nucleon cross section and relative velocity for the colliding nucleons,

respectively, and U is the single-particle mean field potential with the addition of the isospin-dependent
symmetry energy term, which in its simplest form is usually expressed as

U = aρ+ bρκ + 2as(
ρ

ρ0
)γτzI, (2)

where I = (ρn − ρp)/ρ, ρ0 is the normal nuclear matter density; ρ, ρn, and ρp are the nucleon, neutron
and proton densities, respectively; τz assumes value 1 for neutron and -1 for proton, coefficients a, b and κ
represent properties of the symmetric nuclear matter while the last term describes the density dependence
of the symmetry energy, with as representing the symmetry energy coefficient and γ determining the density
dependence.

When considering influence of the symmetry energy on emission rates of nucleons in nucleus-nucleus
collisions, one needs to understand whether and how the medium represented by the equation of state can
influence relative probabilities of emission of protons and neutrons. Theoretical investigations of the density-
dependence of in-medium nucleon-nucleon cross section were carried out for symmetric nuclear matter
[17, 18], and significant influence of nuclear density on resulting in-medium cross sections was observed
in their density, angular and energy dependencies. Using momentum-dependent interaction, ratios of in-
medium to free nucleon-nucleon cross sections were evaluated via reduced nucleonic masses [19] and used for
transport simulations. Still, transport simulation are mostly performed using parametrizations of the free
nucleon-nucleon cross sections, eventually scaling them down empirically or using simple prescriptions for
density-dependence of the scaling factor [20]. In the recent work [21], a prescription for estimation of the
density-dependence of the in-medium nucleon-nucleon cross sections corresponding to the specific form of
phenomenological nuclear equation of state was presented. Such possibility to establish a simple dependence
of nucleon-nucleon cross sections on density, temperature and symmetry energy is potentially important for
a wide range of problems in nuclear physics and astrophysics.

As demonstrated in [21], in order to find a relation between the equation of state and in-medium nucleon-
nucleon cross sections one can turn attention specifically to the Van der Waals equation of state. To proceed
in this direction, the equation of state of nuclear matter can be formulated as an expression for the pressure
which can be in general written as

p = ⟨
f5/2(z)

f3/2(z)
⟩ρT + aρ2 + ppot(ρ, T, I) + pkin(ρ, T, I) (3)

where ppot(ρ, T, I) represents the component of pressure related to single particle potential (with the
exception of the pressure term aρ2 which is treated separately) and pkin(ρ, T, I) is caused by the kinetic
term of the symmetry energy. The Fermi integrals f5/2(z), f3/2(z) reflect the Fermionic nature of nucleons.
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It is then possible to formally transform the above equations of state (and practically any other equation
of state) into the form analogous to the Van der Waals equation. Then corresponding expression for the
proper volume in the Van der Waals form will be

b′ =
1

ρ

ppot(ρ, T, I) + pkin(ρ, T, I)

⟨ f5/2(z)f3/2(z)
⟩ρT + ppot(ρ, T, I) + pkin(ρ, T, I)

(4)

which demonstrates immediately that for any form of equation of state it always exhibits a 1/ρ-dependence

at zero temperature. The expression ⟨ f5/2(z)f3/2(z)
⟩T is a classical temperature which can be estimated easily from

the momentum distribution of nucleons.

3. Analysis of the flow observables

The flow observables were introduced primarily as observables directly related to the equation of the
state of nuclear matter. Essentially, different flow observables can be identified with the coefficients of the
Fourier expansion of the azimuthal angular distribution relative to the reaction plane.

Flow observable, related to the first Fourier coefficient v1 is usually called as directed flow. It can be
alternatively expressed in terms of a slope of the momentum px (in the reaction plane) at mid rapidity.
The systematics of this observable for protons observed in the semi-peripheral collisions (b=5.5-7.5 fm) of
Au+Au at various beam energies was published in [22] and it exhibits an initial linear rise from zero to
the maximum value of about 0.37 GeV/c at beam energy 400 AMeV, followed by linear decrease to the
value 0.1 at 10 AGeV. The positive values of the slope appear to signal that the stopping in the nuclear
medium is not full and the effect of the attractive mean-field is stronger than stopping due to two-body
nucleon-nucleon collisions. The elliptic flow is characterized by the value of the second Fourier coefficient v2
and its systematics for the protons observed in the semi-peripheral collisions of Au+Au at mid-rapidity was
published in the work [23]. Below 100 AMeV the elliptic flow is positive, reflecting the binary dissipative
nature of the semi-peripheral collision at such beam energies, reflected in mostly in-plane proton emission.
Furthermore, at approximately 150 AMeV the elliptic flow assumes negative value, reflecting the squeeze-out
effect where the protons from the participant zone are emitted predominantly in the out-of plane direction.
When combined, these two systematics provide a good set of experimental data for testing of the transport
codes and for determination of the parameters of the equation of the state of nuclear matter.

A new variant of the transport code for simulation of the nucleus-nucleus collisions, introduced in the
work [21], was used for analysis of flow observables. At variance to previous codes used for the solution of
the Boltzmann-Uhling-Uhlenbeck equation (BUU), the nucleon-nucleon cross sections used for evaluation of
the collision term, are estimated directly from the equation of state used for evaluation of the mean-field
potential using the formula (4). The whole calculation is based on the selected equation of state and there is
no need to use free or empirically estimated in-medium cross sections. These simulations will be described
using the acronym VdWBUU, while the reference simulations using the free nucleon-nucleon cross sections
of Cugnon [16] will be described as fBUU. The particles are considered as emitted when they are separated
in the phase-space from any other particle and separation is large enough to assure that two particles are
not part of a cluster (a condition ∆p⃗∆r⃗ > 2h is implemented).

The equations of state used in many preceding works are typically two types of the mean field, the soft
EoS with the compressibility K of 200 MeV (corresponding to the value κ = 7/6 in the equation (2)), and
the hard EoS with K of 380 MeV (κ = 2), as first introduced in the work [13]. These two equations of the
state can be considered as two extremes and many intermediate equations of the state are feasible, with the
compressibility K depending linearly on κ, as shown in the equation

K = 9κ(B +
ϵF (ρ0)

5
)− 6

5
ϵF (ρ0) (5)

where B is the binding energy at saturation density (with typically assumed value B = 16 MeV) and
ϵF (ρ0) is the Fermi energy at the saturation density ρ0 (typically set to ρ0 = 0.16 fm−3). In the present
work, the intermediate values of κ = 4/3, 3/2, 5/3 were used.
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Figure 1: Systematics of the proton directed flow (left panels, lines show experimentally observed slopes) and the transverse
momentum dependence of the calculated proton elliptic flow at mid-rapidity versus the experimental value (boxes and the
dash-dotted lines in right panels, respectively) in the collisions of Au+Au at beam energies ranging from 400 AMeV to 10
AGeV. Results were obtained using the VdWBUU simulation using the stiff EoS with κ = 2 and the symmetry energy potential
parametrization with γ = 1.
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Figure 2: Proton directed flow in the collisions of Au+Au at beam energy of 10 AGeV. Results were obtained using the
simulation with and without EoS-dependent in-medium nucleon-nucleon cross sections (left and right panels, respectively)
using the stiff EoS with κ = 2 and the symmetry energy potential parametrization with γ = 1. Lines show experimentally
observed slope.

The density dependence of the symmetry energy is parameterized in a way that the symmetry energy
term, corresponding to the potential term of the type, shown in equation (2), is complemented by an anal-
ogous term with γk = 2/3, representing the kinetic energy of the degenerate Fermi gas at zero temperature
(with the corresponding coefficient asummed to be related to the Fermi energy as ak = ϵF (ρ0)/3). In the
present work, the density dependences of the symmetry potential ranging from the asy-soft (γ = 1/2) to
asy-stiff (γ = 2) were used (γ = 4/5, 1, 5/4, 3/2 being the intermediate values). The relative weight of the
two terms was set to keep the value of the symmetry energy coefficient at normal nuclear density at the
value of 32 MeV.

As one of the viable variants of the calculations appears to be the VdWBUU simulation (with in-medium
nucleon-nucleon cross sections) using the stiff EoS and the symmetry energy potential parametrization with
γ = 1. Besides the selection criterion mentioned above, the low energy cutoff was set at transverse momentum
0.4 GeV/c, since low-energy particles below such cutoff represent essentially the initial transverse momenta
randomly generated according to the zero temperature Fermionic momentum distribution. Furthermore,
also the effect of Coulomb interaction, which affects primarily such low-energy particles, is not taken into
account in the BUU. The results are shown in the Figure 1. As one can see the measured directed flow is
reproduced well over the whole range of beam energy and thus over a range of the maximum densities of
nuclear matter achieved in collisions. The maxima of the negative elliptic flow shown in the right panels
reach the experimentally observed value.

To understand better the dramatic effect of the EoS-dependent in-medium nucleon-nucleon cross sections
on directed flow, the results for the beam energy 10 AGeV with and without EoS-dependent in-medium
nucleon-nucleon cross sections are compared in Figure 2 (the free nucleon-nucleon cross sections being used
in the latter case). It is noteworhty that the free nucleon-nucleon cross sections lead to much stronger
stopping and thus negative value of directed flow, while their reduction caused by density dependence leads
to reproduction of the measured value and thus correct description of dynamics in the participant zone
leading to sidesplash behavior.

The results of the analysis are summarized in the Figure 3. The filled triangular area in the γ vs K0 plot
shows the combinations of the EoS and symmetry energy parameterizations, which either lead to reasonable
agreement or can not be conclusively ruled out as feasible for the description of properties of nuclear matter.
The effect of stiffening of the EoS appears to lead to weakening of the effect of density dependence of the
symmetry energy. It appears that the density dependence with γ = 1 can be identified as a globally feasible
value of the stiffness of the symmetry energy. The range of the possible stiffness of the EoS can be identified,
based on the analysis presented here, as encompassing compressibilities starting from 250 - 260 MeV and
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Figure 3: The filled area in the γ vs K0 plot shows the values of the EoS and symmetry energy parameters, constrained by the
analysis using the VdWBUU simulations (squares show the values where calculation was performed and dashed line shows the
uncertainty resulting from restricted set of calculated points). Dotted area shows the constrained values of K0 from re-analysis
of giant monopole resonance data [24].

above. Remarkably, this range is consistent with the results of recent re-analysis of the data from giant
monopole resonance [24], where the range of K0 = 250 -310 MeV (shown as dotted area in Figure 3) was
determined after modification of the fitting procedure, used to determine compressibility, thus correcting
the earlier constrained softer values between 200 - 240 MeV. When combining our results with results of the
work [24], it is possible to further constrain the values of γ, which can be restricted to range γ = 1.− 1.25,
with the most probable value around γ = 1. The resulting values appear to be in agreement with results of
earlier studies of nucleus-nucleus collisions [10, 19]. Furthermore, the range of feasible compressibilities are
strongly correlated to the results of astrophysical evalutions of the radius of neutron stars. The values of
Esym(ρ0) and L constrained using radii of neutron stars depend rather weakly on the compressibility of the
EoS [25] and thus relatively stiffer equations of state appear appropriate, even if restrictions due to causality
must be considered. Also, the recent re-analysis of the determination of the neutron star radii appears
to lead to larger radii with lower limit around 14 km [26] and thus to favor stiffer equation of the state.
Furthermore, also the relatively thick neutron skin of 208Pb, reported by the PREX experiment [27, 28],
appears to favor a stiffer equation of state [29].

4. Conclusions

In summary, the new implementation of the BUU, the VdWBUU simulation (with EoS-dependent in-
medium nucleon-nucleon cross sections) appears to reproduce the flow observables in the Au+Au collisions
in the energy range from 400 AMeV to 10 AGeV. The range of the feasible stiffness of the EoS can be
identified, based on the analysis presented here, as encompassing compressibilities starting from 250 - 260
MeV and above, and thus consistent with the results of re-analysis of the giant monopole resonance data
(250 - 310 MeV). Using that additional constraint, the range of feasible values of the stiffness of density
dependence can be set as γ = 1. − 1.25, with the value γ = 1 appearing as as a global value of stiffness
of the symmetry energy feasible over the whole range of constrained compressibilities. The implementation
of BUU with the free nucleon-nucleon cross sections can not describe correctly the global trends of flow
observables.
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