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Abstract The SU(3) symmetry realized by J. P. Elliott in the sd nuclear shell is destroyed in heavier shells
by the strong spin-orbit interaction. However, the SU(3) symmetry has been used for the description of heavy
nuclei in terms of bosons in the framework of the Interacting Boson Approximation, as well as in terms of fermions
using the pseudo-SU(3) approximation. We introduce a new fermionic approximation, called the proxy-SU(3), and
we discuss how some of its novel predictions come out as a consequence of the short range of the nucleon-nucleon
interaction and the Pauli principle.
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INTRODUCTION

A new algebraic approach to heavy deformed nuclei, called the proxy-SU(3) scheme, has been
introduced recently [1, 2]. Proxy-SU(3) is based on fermionic symmetries. A microscopic justi-
fication in terms of a Nilsson model calculation has been discussed in Ref. [1]. Parameter-free
predictions for the deformation parameters β and γ of the collective model for even rare earth
nuclei have been given in Ref. [2] and successfully compared to mean field predictions and to
existing data, while further parameter-free predictions are discussed in this Symposium [3]. It
has been found [2, 4] that the proxy-SU(3) scheme leads to an explanation of the prolate over
oblate dominance in deformed nuclei, determining in parallel the border of the prolate to oblate
transition.

In the present work we discuss the origins of the particle-hole symmetry breaking which leads
to the prolate over oblate dominance and argue that it is a consequence of the short range nature
of the nucleon-nucleon interaction and the Pauli principle.

PARTICLE-HOLE SYMMETRY BREAKING IN NUCLEAR SHELLS

The prolate over oblate dominance in deformed nuclei, discussed in the framework of proxy-
SU(3) in Refs. [2, 4], is based on the breaking of the particle-hole symmetry within nuclear shells,
as seen in Table I of Ref. [2]. In that table, the highest weight (h.w.) irreducible representations
(irreps) (λ, μ), where λ and μ are the Elliott quantum numbers [5, 6], are shown, for each number
of particles in each shell. In addition, the irreps having the highest eigenvalue of the second order
Casimir operator of SU(3) [7]

C2(λ, μ) = (λ+ μ+ 3)(λ+ μ)− λμ, (1)

which do exhibit particle-hole symmetry within each shell, are shown.
In the first half of each shell, the h.w.-irreps coincide with the irreps with the highest C2

eigenvalue. Differences appear as soon as the middle of the shell is crossed and they go on until
the shell is almost filled, with only 4 holes remaining. It is interesting to study this difference and
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possibly locate its origins. In doing so, it is useful to recall that C2 is known to be proportional to
the quadrupole-quadrupole interaction [7]

C2 =
1

4
Q ·Q+

3

4
L2, (2)

where Q is the quadrupole operator and L denotes the angular momentum. The quadrupole-
quadrupole interaction is known to the dominant in deformed nuclei [5, 6].

Since it is known that the h.w. irrep has to be a single one [8], i.e., appearing only once in
the relevant decomposition, we do not need to consider in detail all irreps for a given number of
particles, as we did in Ref. [9], but only the single ones.

Further simplification of the tables is possible by taking into account that in all algebras and for
all even numbers of particles the h.w. irreps possess even values of λ and μ. This is in agreement
with the fact that the ground state of all even-even nuclei has zero angular momentum [10]. L = 0
states can occur only within K = 0 irreps, where K is the Elliott missing quantum number in the
SU(3) to SO(3) decomposition, while K = 0 irreps can occur only within even μ or λ values [5, 6].
As a consequence, we keep in the tables only the irreps with λ even and μ even.

Complete sets of irreps for even numbers of particles are given for U(6), U(10), U(15) and U(21)
in Table I, while similar results for U(28) and U(36) are shown in Table II, respectively. One can
make the following observations:

1) In all algebras the h.w. irreps in the first half of the relevant shell are the irreps possessing
the maximum eigenvalue of the second order Casimir operator of SU(3), C2(λ, μ).

2) In all algebras particle-hole symmetry appears up to 4 particles. The irreps up to 4 particles
in the first half of the shell are prolate, while the irreps for the last 4 particles in the second half
of the shell are oblate.

3) For a given algebra and for a given number of particles in the first half of the relevant shell,
there are in general some prolate irreps of higher weight, followed by oblate irreps of lower weight.
In this case, for the conjugate number of particles within the same shell (i.e., beyond the middle
of the shell), the irrep appearing as the highest weight irrep is the conjugate of the oblate irrep
having the highest eigenvalue of C2(λ, μ) in the first half of the shell. In other words, while prolate
irreps with the highest C2(λ, μ) win in the first half of the shell, the conjugates of the oblate irreps
of the first half of the shell with the highest C2(λ, μ) become winners in the second half of the
shell. In that case both winners, in the first and in the second part of the shell, are prolate, a fact
directly related to the prolate over oblate dominance.

4) However, there are cases, for small numbers of particles ≥ 4, that no oblate irreps appear in
the first half of the shell. In this case, the prolate irrep with the highest C2(λ, μ) is the winner in
the first half of the shell, while the conjugate of the prolate irrep with the lowest C2(λ, μ) in the
first half of the shell (one could say “the conjugate of the less prolate irrep”) becomes the winner
in the second half of the shell. From Tables I and II one sees that this happens for 6 particles
in U(10)-U(36), for 8 particles in U(21)-U(36), for 10 particles only in U(36). These are the only
cases in which the h.w. irreps in the second part of the shell will be oblate. In other words, with
the exception of the irreps related to the last 4 particles in each shell, mentioned in 2), oblate
irreps appear only for 30-6=24 particles in U(15), for 42-6=36 and 42-8=34 particles in U(21),
for 56-6=50 and 56-8=48 particles in U(28), for 72-6=66, 72-8=64, and for 72-10=62 particles in
U(36). In other words, oblate irreps appear only just below the closing of the shell, a fact again
directly related to the prolate over oblate dominance.

5) From the above it becomes clear that there is a particle-hole symmetry around the midshell,
since the single irreps appearing in the second half of the shell are the conjugates of the irreps
appearing in the first half of the shell. There is also some symmetry in the fact that in the first
half of the shell the prolate irreps with high C2(λ, μ) are favored, while in the second half of the
shell the formerly oblate irreps with high C2(λ, μ) are favored. In the absence of formerly oblate
irreps, the formerly prolate irreps with the lowest C2(λ, μ) (the “least prolate irreps”) are favored.
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TABLE I: SU(3) irreps (λ, μ) with multiplicity equal to one, even λ and even μ, occurring for m particles in a

harmonic oscillator sd (pf, sdg, pfh) shell with U(6) [U(10), U(15), U(21)] symmetry, listed under m in order of

decreasing weight. Next to each irrep, the eigenvalue of the second order Casimir operator of SU(3) is given, while

in the column 12−m (20−m, 30−m, 42−m), the SU(3) irreps with multiplicity equal to one, even λ and even

μ, occurring for the full shell minus m particles are listed in order of decreasing weight. The irreps in the column

12−m (20−m, 30−m, 42−m) are the conjugates (μ, λ) of the irreps appearing in column m, but their order is

in general different. The eigenvalues of the Casimir operator are the same for a pair of conjugate irreps, (λ, μ) and

(μ, λ), thus they are not repeated after column 12−m (20−m, 30−m, 42−m).

U(6) U(10)

m C2 12-m m C2 12-m m C2 20-m m C2 20-m m C2 20-m m C2 20-m

2 2 10 4 4 8 2 2 18 4 4 16 6 6 14 8 8 12

4,0 28 0,4 4,2 46 2,4 6,0 54 0,6 8,2 114 2,8 12,0 180 6,6 10,4 198 12,0

0,2 10 2,0 0,4 28 4,0 2,2 24 2,2 6,0 54 6,0 6,6 144 8,2 12,0 180 4,10

2,0 10 0,2 0,6 54 0,6 2,8 114 0,12 0,12 180 0,12

U(15)

m C2 30-m m C2 30-m m C2 30-m m C2 30-m m C2 30-m m C2 30-m m C2 30-m

2 2 28 4 4 26 6 6 24 8 8 22 10 10 20 12 12 18 14 14 16

8,0 88 0,8 12,2 214 2,12 18,0 378 6,12 18,4 478 12,8 20,4 568 20,0 24,0 648 18,6 20,6 634 18,8

4,2 46 2,4 10,0 130 0,10 12,6 306 0,18 20,0 460 14,4 22,0 550 10,14 16,10 594 20,2 22,2 604 22,0

0,4 28 4,0 0,2 10 2,0 8,12 364 16,0 14,10 508 4,20 6,18 540 10,16 8,18 610 6,20

4,14 322 4,18 0,20 460 0,22 2,20 510 0,24 0,22 550 2,22

0,16 304 0,20

U(21)

m C2 42-m m C2 42-m m C2 42-m m C2 42-m m C2 42-m

2 2 40 4 4 38 6 6 36 8 8 34 10 10 32

10,0 130 0,10 16,2 346 2,16 24,0 648 6,18 26,4 886 12,16 30,4 1138 20,10

6,2 76 2,6 14,0 238 0,14 18,6 540 0,24 28,0 868 4,26 32,0 1120 22,6

2,4 46 4,2 2,0 10 0,2 16,12 676 0,28 24,10 1018 24,2

10,20 790 10,24

6,22 736 4,30

2,24 706 0,32

m C2 42-m m C2 42-m m C2 42-m m C2 42-m m C2 42-m

12 12 30 14 14 28 16 16 26 18 18 24 20 20 22

36,0 1404 30,0 34,6 1516 28,8 34,8 1618 28,12 36,6 1674 30,12 40,0 1720 34,8

28,10 1278 18,18 36,2 1486 30,4 38,0 1558 20,22 38,2 1644 16,28 30,14 1648 36,4

18,18 1080 10,28 22,18 1324 32,0 22,20 1450 8,34 28,16 1620 6,36 18,26 1600 38,0

0,30 990 0,36 8,28 1180 18,22 12,28 1384 0,38 12,30 1530 2,38 8,34 1618 26,18

4,30 1138 6,34 4,36 1576 14,30

0,32 1120 2,36 0,38 1558 0,40
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TABLE II: SU(3) irreps (λ, μ) with multiplicity equal to one, even λ and even μ, occurring for m particles in a

harmonic oscillator sdgi (pfhj) shell with U(28) [U(36)] symmetry, listed under m in order of decreasing weight.

Next to each irrep, the eigenvalue of the second order Casimir operator of SU(3) is given, while in the column 56−m

(72 −m), the SU(3) irreps with multiplicity equal to one, even λ and even μ, occurring for the full shell minus m

particles are listed in order of decreasing weight. The irreps in the column 56 − m (72 − m) are the conjugates

(μ, λ) of the irreps appearing in column m, but their order is in general different. The eigenvalues of the Casimir

operator are the same for a pair of conjugate irreps, (λ, μ) and (μ, λ), thus they are not repeated after column

56−m (72−m).

U(28)

m C2 56-m m C2 56-m m C2 56-m m C2 56-m m C2 56-m m C2 56-m

2 2 54 4 4 52 6 6 50 8 8 48 10 10 46 12 12 44

12,0 180 0,12 20,2 510 2,20 30,0 990 6,24 34,4 1422 12,24 40,4 1908 20,20 48,0 2448 30,12

8,2 114 2,8 18,0 378 0,18 24,6 846 0,30 36,0 1404 4,34 42,0 1890 10,34 40,10 2250 32,8

4,4 72 4,4 24,12 1116 0,36 34,10 1728 4,40 30,18 1908 34,4

0,6 54 6,0 20,20 1320 0,42 12,30 1530 36,0

8,32 1464 18,30

4,34 1422 10,40

0,36 1404 0,48

m C2 56-m m C2 56-m m C2 56-m m C2 56-m m C2 56-m

14 14 42 16 16 40 18 18 38 20 20 36 22 22 34

48,6 2790 42,0 50,8 3138 40,10 54,6 3456 40,16 60,0 3780 42,18 56,8 3840 46,16

50,2 2760 28,22 54,0 3078 42,6 56,2 3426 30,30 50,14 3588 26,38 58,4 3798 30,36

36,18 2430 18,36 38,20 2778 44,2 46,16 3294 16,46 38,26 3300 14,50 60,0 3780 18,48

22,28 2034 6,48 28,28 2520 28,28 30,30 2880 6,54 18,42 3024 0,60 48,18 3690 8,56

0,42 1890 2,50 10,40 2250 20,38 16,40 2664 2,56 36,30 3474 4,58

6,42 2196 8,50 16,46 3294 0,60

2,44 2166 0,54

U(36)

m C2 72-m m C2 72-m m C2 72-m m C2 72-m m C2 72-m m C2 72-m m C2 72-m

2 2 70 4 4 68 6 6 66 8 8 64 10 10 62 12 12 60 14 14 58

14,0 238 0,14 24,2 706 2,24 36,0 1404 6,30 42,4 2086 12,32 50,4 2878 20,30 60,0 3780 30,24 62,6 4456 42,14

10,2 160 2,10 22,0 550 0,22 30,6 1224 0,36 44,0 2068 4,42 52,0 2860 10,44 52,10 3510 18,42 64,2 4426 44,10

6,4 106 4,6 0,2 10 2,0 32,12 1684 0,44 44,10 2638 4,50 32,18 3024 10,52 50,18 3928 46,6

2,6 76 6,2 30,20 2050 0,52 24,30 2358 0,60 36,28 3280 48,2

14,42 2716 28,36

10,44 2638 18,50

6,46 2584 6,62

2,48 2554 2,64
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THE ROLE OF THE SHORT RANGE INTERACTION

The above observations become more transparent by taking into account the fact that the
nucleon-nucleon interaction is characterized by a short range [10, 11], which favors maximal spatial
overlaps occurring in the case of symmetrized spatial wave functions [10, 11]. However, because of
the Pauli principle, the spin-isospin part of the wave function has to be antisymmetric, in order
to guarantee the antisymmetric character of the total wave function. It turns out that the highest
weight irrep is the irrep with the maximum spatial symmetrization possible, given the restrictions
imposed by the Pauli principle.

This point can be clarified through an example. Consider the U(15) shell (sdg shell). If one
has 10 particles in it, the h.w. irrep is (20,4). If one has 10 holes, i.e. 30-10=20 particles, the h.w.
irrep is (20,0), while in the case of p-h symmetry one would have expected the conjugate irrep
of (20,4), i.e. (4,20). One can plot the (20,0) and (4,20) irreps to see which is more symmetric.
The Young diagram for (20,0) consists of 20 boxes in the first row and no boxes in the second
row. The Young diagram for (4,20) has 24 boxes in the first row and 20 boxes in the second
row. In the Young diagrams, boxes in the same row mean symmetrization, boxes in the same
column mean antisymmetrization. Therefore (20,0) is purely symmetric, while (4,20) contains
lots of antisymmetrizations. The most symmetric irrep gives the highest spatial overlaps, and
it corresponds to the most antisymmetric spin-isospin irrep. This happens because the nucleon-
nucleon interaction is of short range, thus it prefers the most symmetric spatial irreps. The (4,20)
irrep does have a higher Casimir eigenvalue than the (20,0) irrep, but it is not the one preferred
by the short range interaction in combination with the Pauli principle.

One has to realize that the influence of the Pauli principle is not exhausted by imposing
the antisymmetry of the spin-isospin part of the wave function. It does influence in parallel the
structure of the spatial part of the wave function as well. There is no need for a specific Hamiltonian
in order to see the above. Any nuclear Hamiltonian has to respect the Pauli principle and the short
range nature of the nucleon-nucleon interaction.

The fact that the quadrupole-quadrupole interaction is maximized in deformed nuclei in the first
half of the shell is due to the Pauli principle and to the short range nature of the nucleon-nucleon
interaction. In the second half of the shell it is not the irrep giving the highest quadrupole-
quadrupole interaction (equivalently: the highest eigenvalue of the second order Casimir operator)
the one which is preferred by the Pauli principle and the short range interactions. The Pauli
principle is still there, thus the spin-isospin irrep still has to be most antisymmetric, thus the
spatial irrep still has to be most symmetric.

DISCUSSION

The main conclusion drawn is that the particle-hole symmetry breaking within a nuclear shell,
the prolate over oblate dominance in deformed nuclei and the prolate-oblate transition come from
the Pauli principle and the short range of the nucleon-nucleon interaction alone.
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